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摘 要

摘 要
近年来，深度学习的成功在很大程度上依赖于从数据中学习表征的能力。表征
学习是通过端到端的方式来自动学习数据的信息表示。学界目前仍然对巨型的深
度模型内部的学习和预测行为知之甚少。这种应用与理论之间的失衡推动了一系
列尝试理解深层神经网络的工作的出现，包括基于信息瓶颈原理的深层表征学习
模型。信息瓶颈理论发现了随机梯度下降法学习神经网络时的拟合和压缩相变。此
外，研究还发现表征的信息遗忘是深度学习泛化能力的源泉。后续研究试图将信
息瓶颈转化为表示学习的可以利用的目标函数，如用于变分信息瓶颈模型。此外，
研究者也尝试通过多种方法估计神经网络中的信息流以期监测它们的训练行为。
然而，信息瓶颈在表征学习中的应用仍然面临着诸多挑战。目前的工作主要集
中在高度结构化的数据，如图像、文本、图形等，而很少涉及非结构化数据，如推
荐系统中的评级数据。此外，现实世界的评级数据往往是非随机缺失的。由于用户
偏好分布的偏差，直接采用信息瓶颈原则用于推荐系统模型训练是不合理的。信
息瓶颈理论在深度学习中的普适性也遭到质疑。当使用非双曲正切的激活函数时，
网络的信息压缩阶段似乎消失了。这引发了人们对将表征的信息压缩作为泛化能
力度量的质疑，并开始寻求其他的泛化度量方法。因此，本文主要从应用和理论两
个方面对信息瓶颈理论进行探讨。本文的主要贡献有两个方面：
(1) 为了扩展信息瓶颈的应用，本文将信息瓶颈应用于推荐系统中的协同过滤。
本文提出了反事实变分信息瓶颈方法用于在非随机确实的数据上协同过滤模型的
纠偏。反事实变分信息瓶颈将任务相关的信息项分解为事实和反事实项，从而学
习缺失非随机反馈下的平衡表示，并显著提高了模型的泛化能力。
(2) 为了修正信息瓶颈理论，本文借鉴了 PAC 贝叶斯学习理论的思想，提出了
一种新的基于模型参数的信息瓶颈。它是一种在 PAC 贝叶斯泛化保证的信息瓶颈
框架，即 PAC 贝叶斯信息瓶颈。此外，本文推导了一种有效的神经网络信息流估
计算法和一种基于随机梯度郎之万动力学方法的贝叶斯推理算法，遂得以从 PAC
贝叶斯信息瓶颈的最优吉布斯后验分布中采样模型。实验发现，这种新的信息测
度能够解释广泛的神经网络的学习行为。此外，本文发现这种信息测度作为正则
化项用于训练时亦可强化神经网络的表示能力。
关键词：信息瓶颈；表征学习；贝叶斯推断；PACBayes 理论；信息论
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ABSTRACT
The success of recent deep learning highly depends on learning representations
from data. Representation learning automatically learns informative data representations
through an endtoend paradigm thus useful for various downstream tasks. While the
deep representation learning is widely rebuilt based on inductive bias, e.g., convolutional
networks, recurrent networks, graph convolutional networks, etc., we still know little of
what is going on when these giant models learn and predict. This mismatch encourages
a surge of effort on understanding deep neural networks, including modeling the deep
presentation learning on the basis of information bottleneck (IB) principle. The main
finding of IB theory is the fitting and compression phase transition when neural networks
are learned by stochastic gradient descent. Besides, it is claimed that the compression of
representations after the initial memorizing stage is the source of generalization of deep
learning. Encouraged by the success of IB in understanding deep learning, the followups
tried to transform IB to tractable objective for representation learning, e.g., variational
information bottleneck for image classification. Besides, efforts were made to estimate
information flow in neural networks thus allowing us to monitor their behaviour.
However, the practice of IB for representation learning involves several challenges.
Current work mainly concentrated on highly structured data, e.g., image, text, graph, etc.,
but hardly involved unstructured data, e.g., rating data in recommender systems. Addi
tionally, realworld ratings are missingnotatrandom (MNAR) hence prevent us from
directly adopting IB principle due to the concern of distribution bias. Moreover, the in
terpretability of original IB was also intimidated. The original representation based infor
mation measure was recently denounced being incapable of explaining neural networks
when nonlinearities other than tanh are used because the compression phase seems to dis
appear. This ignites doubts on nominating information compression of representations as
the measure of generalization capacity and encourages researchers to seek to other mea
sures. In this paper, we aim to explore IB theory in two major aspects: application and
theory. Our main contributions are thus twofold:
(1) For extending the application of IB, we concentrated on leveraging IB for collab
orative filtering (CF) in recommender systems. We proposed Counterfactual Variational
II
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Information Bottleneck (CVIB) in order to debias CF with the emergence of counterfac
tual events. CVIB separates the taskaware sufficiency into factual/counterfactual terms
thus learning balanced representations under missingnotatrandom feedback to improve
its generalization ability significantly.
(2) For fixing the theory of IB, we delved deeper into IB theory and specifically
highlight the pitfalls of representation based IB. We drew the idea from PACBayes learn
ing theory and propose a new weight based IB that is under the umbrella of PACBayes
generalization guarantee, namely PACBayes Information Bottleneck (PIB). Then, we
derived an efficient algorithm for estimating information flow in DNNs and an SGLD
based Bayesian inference algorithm so as to sample from the optimal Gibbs posterior of
PACBayes IB. We identified that this new information measure explains broader aspects
of learning behaviour of DNNs. Also, this information measure enhances the learned
representation capacity when engaged in our algorithm as a regularization.
Keywords: Information Bottleneck; Representation Learning; Bayesian Inference; PAC
Bayes; Information Theory

III

TABLE OF CONTENTS

TABLE OF CONTENTS
摘

要................................................................................................ I

ABSTRACT ........................................................................................ II
TABLE OF CONTENTS ........................................................................IV
LIST OF FIGURES AND TABLES ..........................................................VII
LIST OF SYMBOLS AND ACRONYMS .....................................................X
CHAPTER 1 INTRODUCTION ................................................................ 1
1.1 Background.................................................................................. 1
1.2 Representation Learning................................................................... 2
1.3 Information Bottleneck .................................................................... 3
1.4 Thesis Structure & Contributions ........................................................ 5
CHAPTER 2 LITERATURE REVIEW......................................................... 7
2.1 Mutual Information Estimation & Learning ............................................ 7
2.2 Bayesian Inference for Deep Learning .................................................. 8
2.3 Information Bottleneck & Variational Autoencoders................................ 11
2.4 PACBayes Learning Theory ............................................................14
2.5 Chapter Summary .........................................................................18
CHAPTER 3 COUNTERFACTUAL INFORMATION BOTTLENECK ................20
3.1 Emergence of Counterfactuals & Challenges..........................................21
3.2 Problem Setup..............................................................................24
3.3 Building Contrastive Information Regularizer ........................................26
3.4 Minimal Embedding Insensitive to Policy Bias .......................................27
3.5 Tractable Optimization Framework .....................................................27
3.5.1 Minimal Information Term..........................................................28
3.5.2 Contrastive Information Term ......................................................28
3.5.3 Taskaware Information Term ......................................................30
3.5.4 Algorithm Overview .................................................................30

IV

TABLE OF CONTENTS

3.6 Experiments ................................................................................31
3.6.1 Datasets ................................................................................31
3.6.2 Baselines...............................................................................31
3.6.3 Experimental Protocol ...............................................................32
3.6.4 Results & Analysis ...................................................................32
3.7 Chapter Summary .........................................................................34
CHAPTER 4 PACBAYES INFORMATION BOTTLENECK ............................36
4.1 On Caveats of Representationbased Information Bottleneck.......................36
4.2 A New Bottleneck with PACBayes Guarantee .......................................37
4.3 Estimating Information Stored in Weights .............................................39
4.3.1 Closedform Solution with Gaussian Assumption ...............................39
4.3.2 Bootstrap Covariance of Oracle Prior .............................................39
4.3.3 Efficient Information Estimation Algorithm .....................................41
4.4 Bayesian Inference for the Optimal Posterior .........................................43
4.5 Experiments ................................................................................45
4.5.1 Information with Different Nonlinearities .......................................45
4.5.2 Information with Deeper and Wider Architecture ...............................48
4.5.3 Random Labels v.s. True Labels ...................................................49
4.5.4 Information Compression w.r.t. Batch Size.......................................50
4.5.5 Bayesian Inference with Varying Energy Functions.............................51
4.5.6 Summary of Experiments ...........................................................52
4.6 Chapter Summary .........................................................................53
CHAPTER 5 CONCLUSION AND FUTURE WORK .....................................54
5.1 Conclusion of Current Achievements...................................................54
5.2 Future Works ...............................................................................55
REFERENCES ....................................................................................56
APPENDIX A PROOF IN CHAPTER 3 ......................................................64
APPENDIX B PROOF IN CHAPTER 4 ......................................................65
ACKNOWLEDGEMENTS .....................................................................69
声

明..............................................................................................70

RESUME...........................................................................................71
V

TABLE OF CONTENTS

COMMENTS FROM THESIS SUPERVISOR GROUP ....................................73
RESOLUTION OF THESIS DEFENSE COMMITTEE ....................................74

VI

LIST OF FIGURES AND TABLES

LIST OF FIGURES AND TABLES
Figure 1.1 A hierarchy of representations in DNN is formulated as a Markov chain,
reproduced from [13]. .............................................................. 4
Figure 1.2 An overview of the structure and topics covered by this thesis............... 5
Figure 2.1 Graphical representations of generative and discriminative models. ........ 9
Figure 2.2 DNN converge to the fixed point of IB, for each point on the bound of IB,
there is an unique optimal 𝛽 , reproduced from [14]...........................12
Figure 2.3 The feasible and nonfeasible region of IB problem. For a given 𝛽 , the so
lution 𝑝(𝑇 |𝑋) results in a pair of (𝐼(𝑋; 𝑇 ), 𝐼(𝑌 ; 𝑇 )) on the boundary of the
feasible region, reproduced from [50]...........................................12
Figure 2.4 DNNs appears to be at odds with the classical biasvariance tradeoff and
demonstrate the ability to achieve double descent with more and more pa
rameters, reproduced from [77]. .................................................17
Figure 3.1 A comic of how the relationship between person is built based on their prefer
ences over items, which is the intuition behind collaborative filtering. Blue
line indicates ”like” and red line indicates ”dislike”. Dotted line indicates
”unknown”. Best viewed in color................................................20
Figure 3.2 Analysis of simulation results of a motivating example built by Wang
et al. [104] . Best viewed in color..................................................22
Figure 3.3 Analysis of the bias of estimated preference from the simulation results of a
motivating example built by Wang et al. [104] . Best viewed in color. ......22
Figure 3.4 The rating distributions of two public datasets Yahoo! R3 [102] and Coat [105] .
The rating distributions are significantly different between the training
(MNAR) and test (MAR) sets for both datasets. Reproduced from [106].
Best viewed in color. ..............................................................23
Figure 3.5 A hierarchy of the process how 𝑂 decides the appearance of the event and
depends on the previous recommendation policy..............................24

VII

LIST OF FIGURES AND TABLES

Figure 3.6 The events and embeddings are separated by 𝑂 and we introduce additional
constrastive scheme between 𝑇 + and 𝑇 − . Although the minimality term

𝐼(𝑇 ; 𝑋) is tractable for each event, the sufficiency term of the counterfac
tuals 𝐼(𝑇 − ; 𝑌 ) is not accessible. ................................................26
Figure 3.7 Test results of MFCVIB with varying 𝛼 and 𝛾 . Shaded regions show the

90% confidence intervals of the test AUC......................................34
Figure 4.1 Information stored in weights (left), loss and accuracy (right) of DNNs
trained with different nonlinearities (linear, tanh, ReLU, and sigmoid). The
yaxis of information is in logarithmic scale for better display. ............46
Figure 4.2 Nonlinear compression of a minimal model. (A) A three neuron MLP with
Gaussian inputs 𝑥, weight 𝑤1 , and nonlinearity 𝑔(⋅). (B) The representation

𝑡 produced by tanh activation is binned into a discrete variable 𝑇binned for
computing information. (C) and (D) are information when tanh and ReLU
are picked. This figure is reproduced from [64]. ..............................47
Figure 4.3 Information compression with varying layers (2,3,4,and 5) with tanh non
linearities. We show the 50 and 100 moving average of the 4layer and 5
layer, respectively, for better display. ..........................................48
Figure 4.4 Left: Train and test accuracy of model reaches with increasing number of
hidden units; Right: Complexity measure (information in weights and ℓ2 
norm) with increasing unit number. ............................................49
Figure 4.5 Left: Information stored in weights with varying size of truelabel and
randomlabel data; Right: Information, test, and train accuracy when noise
ratio in labels changes. ...........................................................50
Figure 4.6 Information compression with varying batch size and activation functions.
The yaxis on the left indicates the information values and the right indicates
the model accuracy. We track the average of minimum information at the
end of training and the optimal train/test accuracy the model can reach in the
course of whole training process. ...............................................51
Figure 4.7 10 times repeated experiments of the test accuracy on SGD and SGLD with
varying regularization terms......................................................52
Table 2.1 A list of commonly used loss functions. .........................................15

VIII

LIST OF FIGURES AND TABLES

Table 3.1 Missing ratings in a recommender system, where 3, 7 and ? mean positive,
negative and unknown outcomes, respectively..................................21
Table 3.2 MSE and AUC on the MAR test set of COAT [105] and YAHOO [102] , where the
best ones are in bold. ..............................................................33
Table 3.3 Average nDCG with 10 runs on the MAR test set of COAT and YAHOO where
the best ones are in bold. ...........................................................33

IX

LIST OF SYMBOLS AND ACRONYMS

LIST OF SYMBOLS AND ACRONYMS
A

Matrix

a

Vector

𝑎

Scalar

W

Weight matrix

𝜔

A set of random variables {W1 , … , W𝐿 }

𝑓w

Function parametrized by the weight w

X

Dataset inputs (matrix with 𝑁 rows, one for each sample)

Y

Dataset outputs (matrix with 𝑁 rows, one for each sample)

𝑆

Dataset 𝑆 = (X, Y)

x𝑖

Input sample for model

y𝑖

Output label for model

z𝑖

Data point combining both input and output (x𝑖 , y𝑖 )

ŷ𝑖
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CHAPTER 1 INTRODUCTION
Representation learning [1] , especially deep representation learning (or deep learning,
DL), has become one of the most popular techniques since Krizhevsky et al. [2] developed
a powerful deep neural network (DNN) that can significantly outperform shallow methods
on ImageNet [3] . After that, DNN based methods have thrived in various machine learn
ing domains, including computer vision [4] , natural language processing [5] , recommenda
tion [6] , reinforcement learning [7] , and so on. These works make a substantial progress in
building better artifical intelligence (AI) applications by DNN. However, it remains elu
sive why DNN gains so much improvement with adding more layers of representations.
Why representation learning with stochastic gradient descent (SGD) so powerful in so
wide range of applications? Also, how can we design novel algorithms that can cover
failure cases which are troublesome to classical methods? These question encourage us
to think of opening the black box of DNN, e.g., for explanation and prescription.

1.1 Background
In statistical learning theory [8] and probably approximately correct (PAC) learning
theory [9] , a too complex model suffers from overfitting problem thus failing in outof
sample test. Recent work challenged them when the socalled benign overfitting is ob
served in practice. That is, a hierarchical representation learning model with the number
of parameters much more than the samples, i.e., overparametrized, still generalizes well
on numerous tasks. This phenomenon ignites a surge of research under the theme of re
thinking the generalization of representation learning [10] . One pitfall of the traditional
learning theory is the lacking consideration of the input data distribution.
Information theory [11] is a promising candidate for unveiling the black box in rep
resentation learning. A landmark in this line of research is using information bottleneck
(IB) to model the learning process of DNN [1213] . They utilized mutual information be
tween the layers and the input and output variables to quantify DNN. It sheds light on
characterizing generalization of representation learning by taking data distribution into
account. After that, experiments showed that stochastic gradient descent (SGD) is capa
1
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ble of improving the generalization by compressing the redundant information contained
in representations through the lens of IB [14] .
In information theory, IB was originally proposed as a means of finding minimal suf
ficient statistics. The minimality term in IB originates from the principle of minimum de
scription length. In the sense of representation learning, IB describes a tradeoff between
the representation minimality and sufficiency. The minimality term naturally works for
a regularization term that urges the representation to generalize better. This property en
courages a series of works in adopting IB for better representation learning. For example,
by parameterizing the IB by variational inference, variational information bottleneck was
proposed for yielding better generalization performance and robustness to adversarial at
tack of DNN in image classification [15] . For this reason, it is quite surprising to see how
IB could be used for more applications beyond the simple image classification task. In
fact, we shall see that we can utilize IB for debasing recommender system models with a
novel VI based approach.
Moreover, in this paper, we explore a new perspective of information bottleneck. We
look into a novel informationtheoretic generalization measure that is built upon the mu
tual information between the learned weight and the selected finitesample dataset. With
this measure, we propose a new information bottleneck, namely PACBayes information
bottleneck (PIB), and give an MCMC based solution for approximate inference of the
optimal posterior.

1.2 Representation Learning
The success of machine learning algorithms heavily relies on the representation of
data. Prior to the deep learning era, manual feature engineering is a necessary step for
preprocessing the raw data and then completing effective machine learning. Represen
tation learning, on the other hand, advocates to automatic learning of informative data
representations when building classifiers or other predictors. These representations are
encouraged to be informative to the underlying explanatory factors from inputs. As a
result, they are expected to be useful for downstream tasks or further finetuned under
supervision. Since then, the core concern is that how to design good objective functions
for learning data representations.
Deep learning (DL) has drawn a great revolution in AI research in past ten years.
While the depth is a key factors of the sucess of DL, it should be noted DL is still a sub
2
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set of the conception of representation learning, in other words, we would prefer to call
deep learning as deep representation learning for preciseness. For example, Word2Vec
was proposed to reduce the number of parameters required by the the reuse of parame
ters [16] . Unlike the common deep learning setting, this distributed representation learning
paradigm does not have multiple layers.
As the name indicates, one key characteristic of deep learning is its depth. Two high
level ideas are that the deep hierarchical architecture promotes the reuse of features and
improve the feature abstraction at the tail near the final output [1] . When the number of
layers grows, the number of possible paths grows exponentially. This feature allows com
putational efficiency of DNN in the universal approximation of arbitrary functions. That
is, using deeper models can reduce the number of units required to represent the desired
function and can reduce the amount of generalization error [17] . On the other hand, the
hierarchy of features enables the composition of fundamental concepts towards abstract
objects. Generally, more abstract features are more invariant to the local variation of
inputs. The invariance thus allowing the excellent predictive power of learned represen
tations.
However, beyond this perceptual understanding of DL, there are still questions wait
ing for answers. For example, why stochastic gradient descent (SGD) can encourage both
efficient and effective training of DNNs? To what extent different batch size influences
the generalization of the learned DNNs? On account of them, We follow the idea of cast
ing our eyes on another toolkit, e.g., information theory, to help us understand and design
representation learning algorithms throughout this paper.

1.3 Information Bottleneck
In the learning problem, information theory provides a quantitative notion of “rele
vant” information, defined by the mutual information 𝐼(𝑋; 𝑌 ) as

𝑝(𝑥, 𝑦)
𝑑𝑥𝑑𝑦.
(1.1)
∫∫
𝑝(𝑥)𝑝(𝑦)
With the input feature 𝑋 and the target signal 𝑌 , our object of interest is to extract the
𝐼(𝑋; 𝑌 ) ≜

𝑝(𝑥, 𝑦) log

information contained in 𝑋 that is relevant to the target 𝑌 by an intermediate represen
tation 𝑇 , i.e., 𝐼(𝑋; 𝑌 ) = 𝐼(𝑇 ; 𝑌 ). It could be seen that a trivial way to obtain all the
relevant information is just making 𝑇 an identical mapping. Under the context of infor
mation theory, this is often formulated as a “rate distortion” problem that characterizes the

3
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Encoder

Decoder

representations
Figure 1.1 A hierarchy of representations in DNN is formulated as a Markov chain, reproduced
from [13].

tradeoff between the size of representation, and the average distortion of the reconstructed
signal [11] . Apart from the target, we design another target to restrict the irrelevant infor
mation by minimizing the mutual information 𝐼(𝑋; 𝑇 ). We thus build an optimization
problem
min 𝐼(𝑇 ; 𝑋), s.t. 𝐼(𝑇 ; 𝑌 ) = 𝐼(𝑋; 𝑌 ).
𝑇

(1.2)

By solving this problem, we obtain the simplest representation of 𝑋 while still maintain
all relevant information of 𝑌 . In statistical term, the obtained 𝑇 is thus called minimal
sufficient statistics (MSS).
In this setting, we view the information processing of 𝑋 as a Markov chain that

𝑌 → 𝑋 → 𝑇 → 𝑌̂ .

(1.3)

For a general distribution 𝑝(𝑋, 𝑌 ), however, the MSS might even not exist and the problem
in Eq. (1.2) becomes insolvable. On consideration of this challenge, Tishby et al. [12]
proposed a Lagrangian relaxation of the original problem, to build a bottleneck as
min 𝐼(𝑋; 𝑇 ) − 𝛽𝐼(𝑇 ; 𝑌 ),
𝑇

(1.4)

where 𝛽 is Lagrangian multiplier operates a hyperparameter that controls the tradeoff
of regularization and sufficiency. Please keep in mind that an equivalent and usually
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An overview of the structure and topics covered by this thesis.

appeared IB is written by
max 𝐼(𝑇 ; 𝑌 ) − 𝛽𝐼(𝑋; 𝑇 )
𝑇

(1.5)

to use 𝛽 as a hyperparameter to describe the degree of compression.
When there are multiple layers of representations, this Markov chain is extended to

𝑋 → 𝑇1 → 𝑇2 … 𝑇𝑙 where 𝑙 is the total number of layers, shown by Fig. 1.1. According
to the data processing inequality (DPI), we know that 𝐼(𝑇1 ; 𝑋) ≥ 𝐼(𝑇2 ; 𝑋) ≥ … 𝐼(𝑇𝑙 ; 𝑋),
i.e., the layerwise compression of the input data 𝑋 continues to happen with more layers.
By simultaneously maximizing 𝐼(𝑇 ; 𝑌 ), it is expected that the learned representations
drop the irrelevant information after processing while still keep the predictive power.
In this work, our focus is designing principled information bottleneck methods for
representation learning. This method can also be applied for DNN with minimal adaptions
in consideration of computational efficiency.

1.4 Thesis Structure & Contributions
The overview framework of this paper is demonstrated by Fig. 1.2 where we follow
a flow from the overview to technical details. Our main contributions are presented in §3
and §4 on the application and theory aspects, respectively.
In §1, we introduce the background of representation learning and the motivation of
leveraging information theory to understand and enhance representation learning. We also
briefly summarize the main contribution of our paper.
In §2, we review a series of works which are relevant to the main topic, including
mutual information estimation & learning, Bayesian inference for deep learning, infor
5
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maiton bottleneck & variational autoencoders, and PACBayes theory. We discuss the
shortcomings of current studies and point out the potential direction of improvement.
In §3, we focus on applying information bottleneck for collaborative filtering from
missingnotatrandom feedback which is ubiquitous challenge for recommender systems.
Our framework is an extension of variational inference method by considering counter
factuals and designing a contrastive learning regime.
In §4, we concentrate on fixing the theoretical limitations of current representation
based information bottleneck by accounting for the informationtheoretic generalization
capacity of DNNs from the perspective of PACBayes learning theorem. We demonstrate
that our new information measure explains many behaviours of DNNs well and how the
current deep learning algorithm benefits from the proposed PACBayes information bot
tleneck.
In §5, we look back on the whole paper to summarize our main contributions. We also
discuss the limitations of our current models and point out the promising directions that
deserve future works, especially on abandoning the current Gaussian assumption and KL
divergence based information complexity measure as well as on generalization measure
under nonidentically distributed train/test data.

6
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2.1 Mutual Information Estimation & Learning
Using information theory to understand deep learning has become a vibrant research
topic recently. Hjelm et al. [18] pioneered in adopting the informationmaximization (In
foMax) principle for unsupervised representation learning. InfoMax means maximizing
the mutual information between inputs and outputs to recover the input with reducing re
dundancies, e.g., InfoMaxbased independent component analysis (ICA) [19] that recovers
the independent source signals confronting a “cocktail problem”. Similar in deep Info
Max, the mutual information between the data representations and raw inputs are max
imized. In order to estimate mutual information for high dimensional and continuous
representations, they adopted mutual information neural estimation (MINE) [20] by taking
DonskerVaradhan lower bound of mutual information as

𝐼(𝑋; 𝑇 ) = KL(𝑝(𝑋, 𝑇 ) ∥ 𝑝(𝑋)𝑝(𝑇 ))
≥ 𝔼𝑝(𝑋,𝑇 ) (𝑓 𝜔 (𝑥, 𝑡)) − log 𝔼𝑝(𝑋)𝑝(𝑇 ) (exp(𝑓 𝜔 (𝑥, 𝑡)),

(2.1)

where KL(𝑝 ∥ 𝑞) indicates the Kullback–Leibler divergence between distribution 𝑝 and

𝑞 ; 𝑓 𝜔 ∶ 𝒳 × 𝒯 ↦ ℝ is a discriminator that decides whether the representation is matched
to the input. For instance, for a paired input and representation (𝑥, 𝑡) ∼ 𝑝(𝑋, 𝑇 ), we
find another sample 𝑥̃ ∼ 𝑝(𝑋) from the marginal distribution. By setting the RHS as
objective function, we are approaching and optimizing the mutual information through an
unsupervised manner. In this line of research, deep graph InfoMax was proposed later for
unsupervised representation learning from graphs [21] .
To quantify mutual information in IB through a lighter way, several techniques were
used, including binning and adding Gaussian noise. In [14], the neuron’s tanh output acti
vations are discretized into 30 equal intervals between −1 and 1. With these binned values,
the joint distribution 𝑝(𝑇𝑙 , 𝑋) and 𝑝(𝑇𝑙 , 𝑌 ) = ∑𝑥 𝑝(𝑥, 𝑌 )𝑝(𝑇𝑖 |𝑥) for layers 𝑙 = 1, … , 𝐿,
can be obtained with randomly sampled samples 𝑥, then used to calculate the mutual
information 𝐼(𝑋; 𝑇𝑙 ) and 𝐼(𝑇𝑙 ; 𝑌 ). To eliminate the bias of sampling, this process is re
peated with 50 different randomized initialized weights and randomly sampled training
samples. It is expected to approach the true value of mutual information when bin size is
7
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approaching to zero by definition [11] .
However, the binning method is criticized to be trivial in deterministic neural net
works with strictly monotone nonlinearities, e.g., tanh or sigmoid, where the mapping
is injective [22] . In this scenario, the true mutual information 𝐼(𝑋; 𝑇 ) should be infinite
when 𝑋 is continuous or just a constant when 𝑋 is discrete because

𝐼(𝑋; 𝑇 ) = 𝐼(𝑋; 𝑓 (𝑋)) = 𝐼(𝑋; 𝑋) = 𝐻(𝑋),

(2.2)

where 𝐻(𝑋) is a constant without any relation to the model parameters. That is the rea
son why Goldfeld et al. [23] proposed to inject Gaussian noise 𝜀 ∼ 𝒩(0, 𝜎 2 𝐼𝑑𝑙 ) in pre
activations as 𝑇𝑙 = 𝑓𝑙 (𝑇𝑙−1 ) + 𝜀. As a result, 𝑓𝑙 ∶ ℝ𝑑𝑙−1 ↦ ℝ𝑑𝑙 becomes a stochastic
mapping then data processing inequality is satisfied. With intentionally set small noise 𝜀,
the performance of noisy DNN is not worse than the deterministic ones.
Adding noise is a compromise for the sake of tractability of mutual information in
DNN. Another technique that has been far earlier used for modeling uncertainty in DNNs
is variational inference (VI). In the light of it, recent research identified a close connection
between IB and variational autoencoders (VAE) [24] on which we will elaborate in §2.3.

2.2 Bayesian Inference for Deep Learning
Since mutual information based generalization measure can be trivial in determin
istic cases, we are interested in generative models to render probabilisic modeling. For
example, for a joint distribution 𝑝(𝑋, 𝑌 , 𝑍), we would factorize it as
𝑁

𝑝(𝑋, 𝑌 , 𝑍) = 𝑝(𝑍)

∏

𝑝(𝑌𝑖 )𝑝(𝑋𝑖 |𝑌𝑖 , 𝑍)

(2.3)

𝑖=1

where we should have an assumption to model 𝑝(𝑋|𝑌 , 𝑍), e.g., Gaussian mixture model.
Difference between discriminative and generative modeling of 𝑝(𝑋, 𝑌 , 𝑍) is shown by
Fig. 2.1. The latent variable 𝑍 is used for modeling distribution of 𝑋 instead of the target

𝑌 in generative modeling.
On Bayesian inference for machine learning, our target is to infer the posterior defined
by Eq. (2.24) where the denominator is model evidence as 𝑝(𝑆) = ∫ 𝑝(𝑆|w)𝑝(w)𝑑 w. The
central equation for inference of this model is

𝑝(𝑌 ∗ |𝑋 ∗ , 𝑆) =

∫

𝑝(𝑌 ∗ |𝑋 ∗ , w)𝑝(w|𝑆)𝑑 w.

(2.4)

That is, how to make prediction for a new input sample 𝑋 ∗ after observing the dataset 𝑆 .
However, in complex models like DNN, both the integration of 𝑝(𝑌 |𝑋, w) and 𝑝(w|𝑆) is
8
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(a) Generative
Figure 2.1

(b) Discriminative

Graphical representations of generative and discriminative models.

intractable. The first step of approximating this predictive distribution is usually adopting
Monte Carlo sampling
𝐾

1
𝑝(𝑌 |𝑋 , 𝑆) ≃
𝑝(𝑌 ∗ |𝑋 ∗ , w𝑘 ), w𝑘 ∼ 𝑝(w|𝑆).
∑
𝐾 𝑘=1
∗

∗

(2.5)

𝐾 is the total number of weight samples drawn from the posterior 𝑝(w|𝑆). Since the exact
formula of 𝑝(w|𝑆) is unknown, the execution of sampling is still troublesome.
Here comes the variational inference (VI). The core idea of VI is to pick a relatively
simple parametric distribution 𝑞𝜙 (w) in replacement of 𝑝(w|𝑆) during the Monte Carlo
sampling. In order to ensure this approximate distribution being close to true posterior,
we try to minimize the KL divergence KL[𝑞𝜙 (w) ∥ 𝑝(w|𝑆)]. When 𝑝 = 𝑞 , this term will
diminish to zero. The objective of VI is obtained by transforming it to

𝑝(w, 𝑆)
KL[𝑞𝜙 (w) ∥ 𝑝(w|𝑆)] = −𝔼𝑞𝜙 (w) log
− log 𝑝(𝑆)
[
]
𝑞𝜙 ( w )
𝑝(w, 𝑆)
.
= log 𝑝(𝑆) − 𝔼𝑞𝜙 (w) log
[
𝑞𝜙 ( w ) ]

(2.6)

Since the model evidence log 𝑝(𝑆) is a constant w.r.t. model parameters, the original
objective function becomes max𝜙 𝔼𝑞𝜙 (w) log 𝑝(𝑞 w(,𝑆)
. When we move this term in Eq.
[
𝜙 w) ]
(2.6) to the left, under the condition that KL[𝑞𝜙 (w) ∥ 𝑝(w|𝑆)] ≥ 0 all the time, we will
know that log 𝑝(𝑆) ≥ 𝔼𝑞𝜙 (w) log 𝑝(𝑞 w(,𝑆)
. That is the reason why we call the new objective
[
𝜙 w) ]
the evidence lower bound (ELBO) [2526] , which is further transformed to yield the final
objective

𝐿ELBO = log 𝑝(𝑆|w) − KL[𝑞𝜙 (w) ∥ 𝑝(w)].

(2.7)

One possible choice of the variational distribution is meanfield Gaussian (fully fac
torized) 𝑞𝜙 (w) = ∏𝑑𝑖=1 𝑞𝜙𝑖 (w𝑖 ), such that the optimal solution is given by 𝑞 ∗ (w𝑗 ) ∝
exp(𝔼𝑞(w⧵𝑗 ) [log 𝑝(w𝑗 , 𝑆|w⧵𝑗 )])① [25] , which allows for efficient Gibbs sampling [27] for
① We omit the subscript 𝜙 of 𝑞(w) and 𝑝(w) for notation conciseness.
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inference. However, meanfield assumption would be too strong for real practices, we
would prefer to more complex variational distributions and look for help from optimiza
tion techniques. This encourages the proposal of stochastic variational inference [28] for
minibatch training as log 𝑝(𝑆|w) ≃

𝑛
𝑚

log 𝑝(𝐵|w) where 𝐵 ∼ 𝑝𝑚 (𝑍) is a minibatch

sample drawn from 𝑆 .
With VI in hand, we could adapt the common deterministic neural networks to
Bayesian neural networks (BNN). A typical neural network with nonlinearity function

𝑔(⋅) is a combination of successive representations
𝑓 w (𝑥) = W𝐿 (𝑔(W𝐿−1 𝑔(… 𝑔(W1 x + b1 )) + b𝐿−1 ) + b𝐿 ,

(2.8)

where the 𝑙th layer representation is t𝑙 = 𝑔(W𝑙 t𝑙−1 + b𝑙 ) and t1 = 𝑔(W1 x + b1 ). Now the
parameter set w = {W𝑙 , b𝑙 }𝐿
𝑙=1 . We usually take a Gaussian assumption for the variational
distribution 𝑞𝜙 (w) and 𝜙 = {𝝁, 𝝈} is the parameters for learning. For BNN, the inference
in ELBO (Eq. (2.7)) could hence be approximated by
𝑚

𝐾

𝑛
1
𝔼𝑞𝜙 (w) [log 𝑝(Y|X, w)] ≃
log 𝑝(𝑦𝑖 |x𝑖 , w𝑘 ),
∑
𝑚∑
𝐾 𝑘=1
𝑖=1

(2.9)

where w𝑘 = 𝝁 + 𝝈𝜀𝑘 , 𝜀𝑘 ∼ 𝒩(0, 𝐼).
Beyond VI, another lighter approaches were proposed for Bayesian inference of
DNNs, including Monte Carlo dropout [29] , Deep Ensembles [30] , DUQ [31] , DUN [32] ,
stochastic gradient Langevin dynamics (SGLD) [33] , etc. Gal et al. [29] reinterpreted
dropout as a Bayesian approximation of the Gaussian process (GP) [34] , thus proving that
performing forward passes with turning on dropout is equivalent to Monte Carlo sam
pling. This method is easytoimplement on networks with dropout modules but relies on
coarse approximations for ensuring scalability, then often results in limited or unreliable
estimates. Recent works corroborated MC dropout works well only when the DNNs are
sufficiently wide [3537] . Lakshminarayanan et al. [30] trains multiple networks with differ
ent random seeds and regards this process as Monte Carlo sampling, but this method is too
expensive in computation. van Amersfoort et al. [31] proposed to use an RBF network [38]
to quantify uncertainty from a deterministic network. This method obtains excellent un
certainty in a single forward and maintains competitive performance, however, it requires
an RBF module hence not aligned with the most stateoftheart network architectures.
Antorán et al. [32] assumed depth of networks as random variables to exploit the sequen
tial structure of feedforward networks, which also allows Bayesian inference in a single
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pass. In DUN, the network depth is assumed following a categorical distribution with
trainable parameters. ELBO is then estimated and optimized for updating both weight
and depth parameters. This method views each block of the network as a black box,
though can yield predictive uncertainty, it cannot explain the exact parameter uncertainty
in networks.
A recently proposed Markov chain Monte Carlo (MCMC) based approach by Welling
et al. [33] , namely stochastic gradient Langevin dynamics (SGLD), became more and more
popular in Bayesian deep learning, because it is rather scalable and easytoimplement.
Traditional MCMC sampling needs to generate proposals using the entire dataset. SGLD
only relies on a subset of data, i.e., minibatch, by skipping the acceptreject step and
decreasing stepsizes (learning rate) sequence. Technically, SGLD updates by
w𝑡+1 = w𝑡 − 𝜂∇w𝑡 𝑈 (w𝑡 ) + √2𝜂𝜀, 𝜀 ∼ 𝒩(0, 𝐼).

(2.10)

𝑈 (w𝑡 ) is the defined energy function equivalent to the loss function we utilize for training
DNNs and 𝜂 is the step size. It is easy to find this formula is a simple adaptation from
vanilla stochastic gradient descent (SGD) by injecting isotropic Gaussian noise in each
single step. The proof of stability and consistency of SGLD was also given later [3941] .
A series of followups tried to develop faster SGLD by preconditioning [4243] or vari
ance reduction [44] . Also, novel energy function was proposed for reaching a better pos
terior [4546] .
Please refer to [4749] for a review of Bayesian inference in deep learning.

2.3 Information Bottleneck & Variational Autoencoders
Although InfoMax was proved useful in learning representations in unsupervised
scheme, it has no connection to most of deep learning algorithms, as supervised learn
ing algorithms are at present the mainstream in applications. Moreover, it does not touch
the essence of information theory or the source of generalization of deep learning.
On the other hand, information bottleneck fits the principle of representation learning
better: extracting information in input 𝑋 that is relevant for predicting the target 𝑌 by
encoding 𝑋 in a compressed bottleneck 𝑇 . IB offers a mechanism to explain how DNNs
train and generalization, as well as being a novel objective for training. IB was initially
proposed in 1999 by [12] under the context of communication. Tishby et al. [13] pioneered
in modeling DNNs as a Markov chain and offering insight about how IB could explain
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Figure 2.2 DNN converge to the fixed point of IB, for each point on the bound of IB, there is an
unique optimal 𝛽 , reproduced from [14].

Figure 2.3 The feasible and nonfeasible region of IB problem. For a given 𝛽 , the solution
𝑝(𝑇 |𝑋) results in a pair of (𝐼(𝑋; 𝑇 ), 𝐼(𝑌 ; 𝑇 )) on the boundary of the feasible region, reproduced
from [50].

the behavior of DNN training. This work was soon followed by ShwartzZiv et al. [14]
who experimented on a fullyconnected feedforward neural network with visualizing the
information plane, i.e., the plane of the mutual information values that each layer preserves
on the input and output variables. An information plane is plotted in Fig. 2.2. The blue line
indicates the optimal IB under different 𝛽 ∗ , i.e., 𝐼(𝑇 ; 𝑌 )−𝛽 ∗ 𝐼(𝑇 ; 𝑋), where 𝛽1∗ is the slope
12

CHAPTER 2 LITERATURE REVIEW

of that point. This corresponds to the theoretical feasible region of convex information
Lagrangian problem, shown by Fig. 2.3.
One would notice that IB described in Eq. (1.4) has similar formula to variatioanl
autoencoders (VAE) [24] learned on the marginal likelihood by
max 𝔼𝑞𝜙 (t|x) [log 𝑝𝜃 (x|t)],
𝜙,𝜃

(2.11)

where 𝜙, 𝜃 parameterize the output distribution of encoder 𝑞𝜙 (t|x) and decoder 𝑝𝜃 (x|t) in
VAE. The above object can further be written as
log 𝑝𝜃 (x|t) ≥ ℒVAE (𝜃, 𝜙; x, t) = 𝔼𝑞𝜙 (t|x) [log 𝑝𝜃 (x|t)] − KL[𝑞𝜙 (t|x) ∥ 𝑝(t)].

(2.12)

Prior 𝑝(t) and posterior 𝑞𝜙 (t|x) are usually assumed to be Gaussian distributions for the
sake of tractability. Higgins et al. [51] proposed to add a hyperparameter 𝛽 on the second
term thus
ℒ𝛽−VAE (𝜃, 𝜙; x, t) = 𝔼𝑞𝜙 (t|x) [log 𝑝𝜃 (x|t)] − 𝛽 KL[𝑞𝜙 (t|x) ∥ 𝑝(t)]

(2.13)

benefits for learning disentangled latent representations t by carefully chosen 𝛽 .
On the other hand, 𝛽 VAE is closely related to IB when the target task is reconstruc
tion [5253] . We can think 𝑞𝜙 (t|x) as a set of independent additive white Gaussian noise
channels. In this perspective, the KL divergence term KL[𝑞𝜙 (t|x) ∥ 𝑝(t)] is the upper
bound of information that is transmitted through this channel per sample as
𝑞𝜙 (t|x)
𝑑 x𝑑 t.
𝐼(𝑇 ; 𝑋) ≤
𝑝(x)𝑞𝜙 (t|x) log
∫∫
𝑝(t)

(2.14)

This KL term is zero when 𝑞𝜙 (t|x) = 𝑝(t) = 𝒩(0, 1), in other words, the latent channel
has zero capacity. Now taking an informationtheoretic perspective, 𝛽 VAE works by
provably encoding the information from data that contributes most significantly to im
prove data loglikelihood, i.e., 𝔼𝑞𝜙 (t|x) [log 𝑝𝜃 (x|t)]. The RHS of Eq. (2.14) equals to one
component of variational information bottleneck (VIB) which is used for representation
learning for image classification [15] .
Apart from applications mentioned above, VIB is adapted to a wide range of tasks,
e.g., compression of convolutional neural networks (CNNs) [54] and language model em
bedding compression [55] . Besides, Achille et al. [56] tried to provide a decomposition of
information in representations and the interpretation of invariance and disentanglement
happened in DNNs. Other adaptations and applications of IB include proposing a second
order IB for nonlinear encoding and decoding maps [57] ; design a graph information bot
tleneck for graph representation learning [58] ; learning disentangled representations [59] ;
13
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reinforcement learning [60] ; mutliview learning [61] . Please refer to [50,6263] for a re
view of recent advancement on using IB in representation learning.
Although the variants adapted from IB were demonstrated to be beneficial, there still
lie in critics that doubt these benefits might be borrowed from unrelated mechanism [6465] .
The first and foremost challenge is that mutual information is really hard for estima
tion [66] , which is the direct reason why ShwartzZiv et al. [14] adopted the binning trick
for approximation and further encourages a surge of work on developing mutual infor
mation estimators for DNNs [20,6769] . Apart from the caveats of mutual information esti
mation in DNNs described by Eq. (2.2), experiments showed that the compression phase
observed by ShwartzZiv et al. [14] might be just a sideproduct of the picked double
sided saturating nonlinearities like tanh [64] . When the activation function is changed to
rectified linear units (ReLU) or just being removed (linear activation), this compression
phase disappear during the training phase. Also, Goldfeld et al. [23] found DNNs with
special orthonormal regularization [70] can generalize well but compression does not oc
cur. Instead, they claimed that the clustering of internal representations is the source of
generalization. These works cast doubts on the causal relationship between compression
and generalization of representation learning under the measure of information contained
in representations 𝐼(𝑋; 𝑇 ). In a nutshell, our understanding of how information affects
DNN generalization still remains unclear.

2.4 PACBayes Learning Theory
When we talk about learning theory, our primary aim is to explain what can a system
learn about the underlying phenomenon from examples. Based on our empirical observa
tion and intuition, brutally memorizing the examples usually causes overfitting. General
ization, as the object of learning algorithms, is the ability that the learned model performs
well on unseen data.
For completeness, we here introduce the mathematical formalization of learning the
ory. Main body of this framework could be found from [71]. Consider a learning al
gorithm 𝒜 ∶ 𝒵𝑛 ↦ 𝒲 that learns from the finitesample data space 𝒵𝑛 and outputs a
parameter located in the parameter space 𝒲. The sample space 𝒵 = 𝒳 × 𝒴 is the com
bination of sets of inputs and outputs. We have an unknown data generating distribution

𝑝(𝑍) over 𝒵 while the algorithm has no access to it but just the training set 𝑆 . Each train
ing sample is i.i.d. from 𝑝(𝑍) such that 𝑆 ∼ 𝑝𝑛 (𝑍). Statistical learning theory tries to
14
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touch the distribution of test errors, under the fixed algorithm 𝒜, function class 𝒲, sample
size 𝑛, and finite samples 𝑆 . In detail, we find bounds which hold with high probability
over random samples of size 𝑛, i.e., the tail of test error distribution. PAC is the short
hand of probably approximate correct [9] . It uses a confidence parameter 𝛿 to describe the
probability of being misled by the training set 𝑃 𝑛 (large error) ≤ 𝛿 , in other words, the
high confidence is represented by 𝑃 𝑛 (approximately correct) ≥ 1 − 𝛿 .
A loss function ℓ(𝑓 w (𝑋), 𝑌 ) measures the discrepancy between the predicted output

𝑓 (𝑋) and the label 𝑌 . Table 2.1 gives a list of examples of loss functions. The empirical
risk is defined insample on the dataset 𝑆
𝑛

1
𝐿𝑆 (w) ≜
ℓ(𝑓 w (𝑋𝑖 ), 𝑌𝑖 ),
∑
𝑛 𝑖=1

(2.15)

and the outofsample risk can be defined on the generating distribution 𝑝(𝑍) as

𝐿(w) ≜ 𝔼𝑝(𝑍) [ℓ(𝑓 w (𝑋), 𝑌 )].

(2.16)

Hence the generalization gap that evaluates how well a predictor 𝑓 𝑤 performs on outof
sample test is given by

∆(w) ≜ 𝐿(w) − 𝐿𝑆 (w).

(2.17)

A generalization upper bound is usually in the form that ∆(𝑤) ≤ 𝜖(𝑛, 𝛿). This bound is a
safety check that guarantees on the performance of an algorithm on any unseen data with
a prespecified confidence degree.
Table 2.1

A list of commonly used loss functions.

01 loss

squre loss

hinge loss

log loss

𝟙[𝑓 w (𝑋) ≠ 𝑌 ]

(𝑌 − 𝑓 w (𝑋))2

(1 − 𝑌 𝑓 w (𝑋))+

− log(𝑓 w (𝑋))

PACBayes is a generic framework to efficiently rethink generalization for numer
ous machine learning algorithms. It leverages the flexibility of Bayesian learning and
allows to derive new learning algorithms. Prior to the birth of PACBayes theory by
McAllester [72] , statistical machine learning theory assumes uniform convergence as

𝑃 𝑛 [∃w ∈ 𝒲, ∆(w) > 𝜖] ≤

∑

𝑃 𝑛 [∆(w) > 𝜖]

(2.18)

w∈𝒲

≤ |𝒲| exp{−2𝑛𝜖 2 } = 𝛿.

(2.19)

Eq. (2.19) is obtained by the wellknown Hoeffding’s inequality and holds if the loss
function is bounded: ℓ(𝑓 𝑤 (𝑋), 𝑌 ) ∈ [0, 1] [73] . Given 𝛿 ∈ (0, 1), solve equation for 𝜖 ,
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we can obtain

|𝒲|
1
) ≤ 𝛿,
𝑃 𝑛 ∆(w) > √( ) log(
2𝑛
𝛿 ]
[

(2.20)

1
|
such that ∆(w) = 𝐿(w) − 𝐿𝑆 (w) ≤ √( 2𝑛
) log( |𝒲
) with probability 1 − 𝛿 . This upper
𝛿
bound considers the worst case as it assumes that hypothesis is uniformly distributed in

the hypothesis space. This assumption makes those bounds too pessimistic thus being
vacuous in various scenarios.
A natural idea to improve this bound is to consider the complexity of the hypothesis
space and the distributions of hypothesis [7475] . Take a Bayesian view of learning, before
observing the training data, we make an initial guess of the hypothesis distribution 𝑝(w) as
the socalled prior. Corresponding to prior, we would like to learn a distribution 𝑝(w|𝑆)
after the observation, i.e., posterior. Each prediction is hence drawn from a random pre
dictor 𝑓 w where w ∼ 𝑝(w|𝑆). Unlike Eq. (2.15) and Eq. (2.16), empirical risk is now
defined based on the averaging over the posterior
𝑛

1
𝐿𝑆 (w) = 𝔼𝑝(w|𝑆)
ℓ(𝑓 w (𝑋𝑖 ), 𝑌𝑖 ) ,
∑
𝑛
[ 𝑖=1
]

(2.21)

and outofsample risk is

𝐿(w) = 𝔼𝑝(w|𝑆)𝑝(𝑍) [ℓ(𝑓 w (𝑋), 𝑌 )].

(2.22)

In this Bayes viewpoint of PAC learnability, McAllester [72,76] gave the first PAC
Bayesian bound as

√
2√𝑛
⎛
√
√ KL[𝑝(w|𝑆) ∥ 𝑝(w)] + log 𝛿 ⎞⎟
⎜
𝑛
𝑃 ⎜𝐿(w) ≤ 𝐿𝑆 (w) +
(2.23)
⎟ ≥ 1 − 𝛿,
2𝑛
⎷
⎜
⎟
⎝
⎠
which holds for ∀𝛿 ∈ (0, 1) and any prior 𝑝(w). Although we describe them as prior and
posterior in this paper, please note that they differ in their counterparts of Bayesian theory.
In PACBayes theorem, the bounds hold even if prior 𝑝(w) is incorrect, and any chosen
posterior 𝑝(w|𝑆). However, in Bayesian inference, the prior must be assumed correct and
the posterior is either strictly computed by Bayes theorem
𝑝(w)𝑝(𝑆|w)
𝑝(w|𝑆) =
𝑝(𝑆)
or by statistical modeling like VI.

(2.24)

The scalability of PACBayes theory offers room for explaining why DNN gener
alizes, especially when classical learning theory is unable to explain the emergence of
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(a) Classical bias-variance tradeoff

(b) Double descent observed in DNNs

Figure 2.4 DNNs appears to be at odds with the classical biasvariance tradeoff and demonstrate
the ability to achieve double descent with more and more parameters, reproduced from [77].

double descent in deep learning as shown by Fig. 2.4. Biasvariance tradeoff depicts a
threshold where model is underfitting on the left and overfitting on the right. However,
the modern practice identifies rich DNNs could interpolate (i.e., achieving zero training
error) the data while still yield good test performance [77] . This phenomenon is beyond the
scope of classical learning theory which assumes an uniform convergence over hypoth
esis space and neglects data distribution in their bounds. For those reasons, PACBayes
inspired a surge of work on deriving nonvacuous generalization bounds for DNNs [7879] .
The most recent PACBayes interpretation of DNN generalization lies in the algo
rithmic stability towards the perturbation of training data 𝐼(w; 𝑆), or it is also called the
information stored in weights [56,80] . Algorithmic stability has been adopted in PACBayes
anlysis by Rivasplata et al. [81] , as it is defined by
sup sup ‖𝒜(𝑧1∶𝑖−1 , 𝑧𝑖 , 𝑧𝑖+1∶𝑛 ) − 𝒜(𝑧1∶𝑖−1 , 𝑧𝑖′ , 𝑧𝑖+1∶𝑛 )‖ℋ

(2.25)

𝑖∈[𝑛] 𝑧𝑖 ,𝑧𝑖′

in spirit to uniform stability. As it shows, this stability measure is connected to how much
the learned weight changes after the replacement of a single data. Similarly, 𝐼(w; 𝑆)
could also seen as a parameter stability measure that measures how much the perturbation
of training data influences the output hypothesis. Inspired by the pioneering work in ex
plaining generalization by this informationtheoretic stability [82] , Xu et al. [83] proposed
a novel PACBayes bound

2𝜎 2
𝐼(w; 𝑆),
(2.26)
𝑛
when ℓ(𝑓 w (𝑋), 𝑌 ) is 𝜎 subGaussian; 𝐿(w) and 𝐿𝑆 (w) are the expected of empirical
𝔼𝑝(𝑆) [𝐿(w) − 𝐿𝑆 (w)] ≤ √

risk and outofsample risk defined by Eq. (2.21) and Eq. (2.22), respectively. Based
on this mutual information bound, a series of works proposed tighter bounds for specific
algorithms, e.g., on stochastic gradient Langevin dynamics (SGLD) [8485] and general
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iterative algorithms [86] , or architectures, e.g., on convolutional neural networks [87] . And
several works tried to tighten this bound by novel techniques, e.g., chaining method [88] ,
or changing mutual information to Wasserstein distances [8991] , maximal leakage [9293] ,
total variation [94] , and individual sample mutual information [95] .

2.5 Chapter Summary
In this chapter, we introduce four key topics that are deeply connected to the core
idea in this paper: information bottleneck for representation learning. On account of the
tractability of the information bottleneck objective, we explore the existing literature on
how to estimate mutual information in deep neural networks. Although several techniques
are able to inject noise into deterministic NN for obtaining an approximate information
quantity, e.g., binning, they cannot circumvent the problem inherent in the definition of
mutual information when the variable is not random: Mutual information becomes either
infinite large or zero in this case. That is the reason why researchers looked for Bayesian
inference techniques for DNNs. We then discuss the celebrated variational inference tech
nique used for Bayesian learning and were widely adopted for Bayesian deep learning.
Based on VI, deep variational information bottleneck (VIB) was proposed as a tractable
objective for representation learning. It was also identified that variational autoencoders
(VAE) and 𝛽 VAE are special solutions of VIB, discussed in §2.3. VIB and its variants
were applied for a series of tasks, e.g., image classification, graph learning, model com
pression, etc. In this paper, we extended it to a novel counterfactual learning task where
all previous methods fail to work well. We call our method Counterfactual Variational
Information Bottleneck (CVIB). We will present the details in §3.
On the other hand, we found there are still critics of the universality of IB in explain
ing representation learning, as discussed in the last paragraph of §2.3. It is mainly due to
the lacking literature of theoretic guarantee of generalization on IB. The celebrated PAC
Bayes learning theory garners our interest to develop a new informationtheoretic gener
alization metric, 𝐼(w; 𝑆), which not only measures how much information contained in
weights but also how sensitive an algorithm is towards the data perturbation. We then elab
orated on the preliminaries of PACBayes theory in §2.4. From the perspective of PAC
Bayes generalization, we propose a novel PACBayes Information Bottleneck (PIB). A
similar form of IB was proposed by Achille et al. [80] . However, they neither demon
strated the twophase transition through their appoximated information measure nor gave
18
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the optimal solution and efficient inference approach for IB. In this work, we show how
to derive the optimal posterior 𝑝∗ (w|𝑆) in principle of PIB. Besides, we demonstrate how
to execute Bayesian inference to obtain a series of weights that follow this posterior based
on stochastic gradient Langevin dynamics (SGLD) which was introduced as a promising
candidate for Bayesian deep learning in §2.2. We will present the technical details of PIB
in §4.
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CHAPTER 3 WHEN INFORMATION BOTTLENECK
MEETS COUNTERFACTUALS
While we have discussed IB and its variants VIB’s applications in various topics, there
is still room for its extensions to other topics. One domain we identify rather important but
still remains underexplored is collaborative filtering with counterfactuals. Collaborative
filtering (CF) is well know and widely used for recommender systems [9697] . CF tries to
make automatic predictions (filtering) about the interest of a user by collecting preferences
or taste information from many users (collaborating). The idea behind is that if one person
A has the same preference as a person B on an item, then person A and B probably hold
similar preference over another item than than of a randomly picked person. For example,
in Fig. 3.1, we find both User B and User C like Item 3 and dislike Item 1. Meanwhile,
we observe User C like Item 4. We would guess since User B has similar preference as
User C, it is likely User B should like Item 4 as well.

Item 1

Item 2

User A

Item 3

User B

Item 4

User C

Figure 3.1 A comic of how the relationship between person is built based on their preferences
over items, which is the intuition behind collaborative filtering. Blue line indicates ”like” and red
line indicates ”dislike”. Dotted line indicates ”unknown”. Best viewed in color.

Prior to the deep learning era, CF has long been the bedrock of modern recommender
systems. Recently, deep learning was introduced to CF and gave rise to the socalled neu
ral collaborative filtering (NCF) [98] , neural graph collaborative filtering [99100] (NGCF),
and so on. In this work, we will cover both CF and NCF as they are both under the general
arena of representation learning.
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As far as we know, there has been by far no previous work on leveraging IB for
improving CF. According the superior performance gain by IB in other areas, we believe
it will lead to significant improvement in CF as well. However, we identify the original
IB is not applicable in this task due to the emergence of counterfactuals which we will
introduce in the next section. We will show why counterfactuals are harmful for CF and
IB based CF and give our answer to it [101] .

3.1 Emergence of Counterfactuals & Challenges
A surge of research shows that the realworld logging policy often collects missing
notatrandom (MNAR) data (or selective labels) [102] . For example, users tend to reveal
ratings for items they like, thus the observed users’ feedback, usually described by click
throughrate (CTR), can be substantially higher than those not observed yet.
Table 3.1 Missing ratings in a recommender system, where 3, 7 and ? mean positive, negative
and unknown outcomes, respectively.
Item 1

Item 2

Item 3

Item 4

User A

3

3

?

?

User B

7

?

3

?

User C

7

?

3

3

Let’s recap the Fig. 3.1 where there are three users and four items. We can re
formulate the preferences observed from this figure to a preference matrix, shown in
Table 3.1. Although we make sure some preferences of users, many of others are still
unknown. For instance, we do not know the attitude of User A towards Item 3 and 4.
When we ignore the unobserved events, the estimated average CTR from the observed
outcomes is 5/7 ≈ 0.71. However, if the rest unobserved outcomes were all 0, the true
CTR would be 5/12 ≈ 0.42. This gap between the factual and counterfactual ratings in
MNAR situation further exaggerates due to pathdependence that the learned policy tends
to overestimate on the observed events outcomes [103] . This is usually the case in modern
recommender systems where there are million of users and billion of items. The total
number of possible events, which is the combination of users and items, is astronomical.
On the contrary, the observed event outcomes are much less. In fact, we often describe
the degree of this phenomenon the sparsity of recommender systems. In Table 3.1, the
sparsity is 7/12 ≈ 0.58. But in real practice, the sparsity is usually in the degree of 10−7
or even much less depending on the size of whole system.
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(a) Click count per user

(b) Display count of items

Figure 3.2 Analysis of simulation results of a motivating example built by Wang et al. [104] . Best
viewed in color.

(a) Bias of item-wise preferences

(b) Bias of users’ preferences

Figure 3.3 Analysis of the bias of estimated preference from the simulation results of a motivat
ing example built by Wang et al. [104] . Best viewed in color.

In practice, people resort to performing the randomized controlled trials (RCTs) in
order to obtain missing at random (MAR) feedback. By deploying a random policy that
uniformly displays items to users, we can collect unbiased feedback from users. Under
this condition, the collected preferences of users will be asymptotically converging to the
groundtruth, i.e., the average CTR of observed outcomes equals to the unobserved ones. In
other words, the MAR feedback could somehow demonstrate the users’ true preferences
distribution and could be regarded as the golden rule for evaluating the true performance
of recommender systems. A simulation performed by Wang et al. [104] instantiates that a
biased system will collapse if the model continues to learn from MNAR data and biasedly
displays items, as shown in Fig. 3.2.
In this simulation, We build a tiny system with five users and five items, and compare
the userwise and itemwise numbers of clicks achieved by two policies 𝜙𝑡 and 𝜙𝑐 . 𝜙𝑡 is
the uniform policy and 𝜙𝑐 is a biased policy. A 5 × 5 matrix as the users’ preference over
each item, where each element is generated uniformly within [0, 1], so they are homoge
neous. For simulating user’s behavior, we deploy an additional latent variable uniformly
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Coat

Density

Density

Yahoo! R3

Rating

Rating

Figure 3.4 The rating distributions of two public datasets Yahoo! R3 [102] and Coat [105] . The
rating distributions are significantly different between the training (MNAR) and test (MAR) sets
for both datasets. Reproduced from [106]. Best viewed in color.

drawn from [0, 1], such that for each time an event 𝑥 appears, the click happens when the
latent variable is smaller than 𝑦. We adopt a bandit feedback setting here, that is, the policy

𝜙𝑐 firstly ranks the Top1 predicted reward item for each user, collects the feedbacks as
click or not click; then we do policy learning via emiprical risk minimization (ERM) from
these logged feedbacks. For controlled experiment, we perform the same setting for an
uniform policy 𝜙𝑡 as well. After 100 epochs of logging feedbacks and learning policy, we
can calculate the empirical outcome distribution from the observed logged data. In Fig.
3.2 (a), we observe the significant bias of the estimated average CTR from the logged
feedback generated by 𝜙𝑐 . In Fig. 3.2 (b), we find 𝜙𝑐 causes devastating reduction of
diversity to the system, all items except for item #0 are underrepresented, because they
are relatively less interested by the users in average. The insufficient exploration over
items causes large bias of estimated marginal distribution over items as well as the joint
user preferences, shown in Fig. 3.3.
There have also been experiments that reflect the giant gap between MNAR and MAR
rating distributions in realworld recommender systems. As shown in Fig. 3.4 where 𝑥
axis is the rating ranging from one to five and 𝑦axis is the density. For Yahoo! R3 [102] ,
it can be identified there is huge gap on the two sides. In MAR data, the large majority
of ratings lies in one and few people give five ratings. However, the distribution is much
more flat in MNAR data. As a result, a recommender model that learns from MNAR data
should generalize poorly to MAR data and in turn harms diversity and fairness of whole
system.
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Positive
(𝑦 = 1)
Observed
(Factual)

,

Negative
(𝑦 = 0)

Decision 𝑂 , ∈ {0,1} made
by policy on item 𝑖 if it will
be displayed to user 𝑢

Unobserved
(Counterfaactual)

,

Unknown
(𝑦 = ?)

Figure 3.5 A hierarchy of the process how 𝑂 decides the appearance of the event and depends
on the previous recommendation policy.

3.2 Problem Setup
Vast majority of existing works in recommendation neglect the MNAR effect, as
they mainly focus on designing novel architectures and training techniques for improv
ing model performance on the observed events [6,107108] , where the objective function is
designed in principle of empirical risk minimization (ERM) as

𝐿𝐸𝑅𝑀 =

1
𝑁𝑙

∑

ℓ𝑢,𝑖 (𝑌 ̂ , 𝑌 ).

(3.1)

(𝑢,𝑖)∶𝑂𝑢,𝑖 =1

𝑥 = (𝑢, 𝑖) is an event composed of user 𝑢 ∈ 𝒰 and item 𝑖 ∈ ℐ; 𝑂𝑢,𝑖 ∈ {0, 1} indicates
whether the outcome of an event 𝑥 = (𝑢, 𝑖) is observed (i.e., whether item 𝑖 is presented
to user 𝑢); ℓ𝑢,𝑖 (𝑌 ̂ , 𝑌 ) is the loss function taking true outcome 𝑌 and predicted outcome

𝑌 ̂ as its inputs; and 𝑁𝑙 and 𝑁𝑢𝑙 are the numbers of observed and unobserved events,
respectively. However, 𝐿𝐸𝑅𝑀 is not an unbiased estimate of the true risk 𝐿 [103] :

𝔼𝑂 [𝐿𝐸𝑅𝑀 ] ≠ 𝐿 ∶=

1
ℓ𝑢,𝑖 (𝑌 ̂ , 𝑌 ),
𝑁𝑙 + 𝑁𝑢𝑙 ∑
𝑢,𝑖

(3.2)

which indicates that the naive ERMbased method cannot guarantee model’s generaliza
tion ability on the counterfactuals.
As the distribution of 𝑂 depends on the deployed recommendation policy at past, as
shown in Fig. 3.5, we can regard it a representative of the policy bias, which influences the
distribution of factual events and then the learned policy. In order to alleviate the policy
bias, there are a series of works emphasizing on employing randomized controlled trials
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(RCTs) [109] to collect the socalled unbiased dataset. By adopting a uniform policy that
randomly displays items to users, the logged feedback can be regarded as missing at ran
dom (MAR), which is consistent with the underlying joint distribution 𝑝(𝑥, 𝑦). Therefore,
one can either evaluate the model’s true generalization ability on MAR data [110] , or utilize
MAR data to debias learning via importance sampling [105] . Besides, Rosenfeld et al. [111]
and Bonner et al. [112] proposed to employ domain adaptation from MNAR data to MAR
data, in order to balance the predictive capability of the learned model over the factuals
and counterfactuals. However, RCTs are extraordinarily expensive to be executed in a
realworld recommender system. It is tricky because no solid theoretical definition of
how large RCTs would be representative enough. It is questionable if small RCTs, com
pared with the enormous quantity of possible events, can lead to a proper estimate of the
users’ true preference distribution.
Embedding is a conceptually classical approach for modeling the user and item in
rating prediction. For example, in collaborative filtering [113] , it represents an event 𝑥 =

(𝑢, 𝑖) by concatenation as t = (t𝑢 , t𝑖 ), then generates outcome prediction by 𝑦 ̂ = t⊤
𝑢 t𝑖 . t
is hence the representation of event 𝑥 in the sense of representation learning. Recall the
Markov chain description of representation learning in Eq. (1.3), we here can introduce
an additional nuisance variable 𝑂 and rewrite it as

𝑂 → 𝑍 → 𝑇 → 𝑌̂ ,

(3.3)

where 𝑍 = (𝑋, 𝑌 ) is the combination of event and the true outcome. Also when con
sidering multiple layers in DNNs as described by Eq. (2.8), this Markov chain can be
extended to

𝑂 → 𝑍 → 𝑇1 → 𝑇 2 → … → 𝑇 𝑙 → 𝑌 ̂ .

(3.4)

In this Markov chain, 𝑂 affects the appearance of events 𝑋 but is not informative to the
true outcomes 𝑌 , i.e., 𝑂⊥𝑌 . In this scenario, we would like 𝑇 to be independent of 𝑂,
thus being free of policy bias.
According to information bottleneck, here we can also build an IB objective for CF
as
min 𝐿𝐼𝐵 = 𝛽𝐼(𝑇 ; 𝑋) − 𝐼(𝑇 ; 𝑌 ).
𝑇

(3.5)

The main challenge in adopting IB for optimization is that the mutual information in 𝐿𝐼𝐵
is cumbersome for calculation. Although previous works try to derive computable proxy
for specific tasks [15] , they are not suitable for MNAR data. Since we only have partial
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Minimality: 𝐼(𝑇; 𝑋)
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𝑇

Figure 3.6 The events and embeddings are separated by 𝑂 and we introduce additional con
strastive scheme between 𝑇 + and 𝑇 − . Although the minimality term 𝐼(𝑇 ; 𝑋) is tractable for each
event, the sufficiency term of the counterfactuals 𝐼(𝑇 − ; 𝑌 ) is not accessible.

feedback about 𝑌 , i.e., the majority of events are counterfactuals, we have no access to
their true outcomes. Next, we will turn to derive a new objective function addressing this
challenge.

3.3 Building Contrastive Information Regularizer
For conciseness, we focus on a simple model with only the embedding layer 𝑇 ,
namely 𝑌 → 𝑋 → 𝑇 → 𝑌 ̂ , and extend it to multilayer scenario in §3.4. Specifically,
the second term in Eq. (3.5) is mutual information between embedding 𝑇 and target task

𝑌 . We separate the embeddings into two parts: 𝑇 + and 𝑇 − , which represent factual and
counterfactual embeddings, respectively, i.e., 𝑇 + ∼ 𝑝(𝑇 |𝑋 + ) and 𝑇 − ∼ 𝑝(𝑇 |𝑋 − ).
As shown in Fig. 3.6, we factorize the original mutual information term by 𝐼(𝑇 ; 𝑌 ) =
+

𝐼(𝑇 , 𝑇 − ; 𝑌 ). We postulate that 𝑇 + and 𝑇 − are independent, therefore according to the
chain rule of mutual information:

𝐼(𝑇 + , 𝑇 − ; 𝑌 ) = 𝐼(𝑇 + ; 𝑌 |𝑇 − ) + 𝐼(𝑇 − ; 𝑌 ) = 𝐼(𝑇 + ; 𝑌 ) + 𝐼(𝑇 − ; 𝑌 ).

(3.6)

However, as the outcomes 𝑌 of the counterfactuals are unknown, we have to identify
another refined solution. Specifically, we cast Eq. (3.6) to
− ; 𝑌 ) − 𝐼(𝑇 + ; 𝑌 ) +2𝐼(𝑇 + ; 𝑌 ),
𝐼(𝑇 + ; 𝑌 ) + 𝐼(𝑇 − ; 𝑌 ) = 𝐼(𝑇
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

(3.7)

contrastive

from which we derive a contrastive term between 𝑇 + and 𝑇 − . This characterization is
helpful for us to introduce a hyperparameter 𝛼 to control the degree of this contrastive
penalty. We then rewrite the original IB loss to

𝐿𝐶𝑉 𝐼𝐵 ∶= 𝛽𝐼(𝑇 ; 𝑋) + 𝛼[𝐼(𝑇 + ; 𝑌 ) − 𝐼(𝑇 − ; 𝑌 )] − 𝐼(𝑇 + ; 𝑌 )
min
+ −

𝑇 ,𝑇

(3.8)

as our new objective function, where we propose an information theoretic regularization
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on 𝑇 + and 𝑇 − . Intuitively, minimizing this term corresponds to encouraging 𝑇 + and 𝑇 −
to be equally informative to the targeted task variable 𝑦, thus resulting in a more balanced
model. More importantly, it does not need access to the counterfactual outcomes, which
will be specified in §3.5.

3.4 Minimal Embedding Insensitive to Policy Bias
Aside from the taskaware mutual information 𝐼(𝑇 ; 𝑌 ) in Eq. (3.8), 𝐼(𝑇 ; 𝑋) corre
sponds to the minimality of the learned embedding. Recall that we assume that the event

𝑋 follows the generative process 𝑝(𝑋, 𝑂) = 𝑝(𝑂)𝑝(𝑋|𝑂), where 𝑂 influences the appear
ance of 𝑋 . Because 𝑂 is independent to task 𝑌 , we hope the predicted outcome 𝑌 ̂ is not
influenced by 𝑂, or the learned embedding 𝑇 should contain low information about 𝑂. In
this viewpoint, following the practice by Achille et al. [56] , we identify that the minimality
term is actually beneficial for embedding’s insensitivity against the nuisance 𝑂.
Proposition 3.1 (Minimal Representation Insensitive to Policy Bias):

With the

Markov chain assumption defined by Eq. (1.3), for any hidden embedding 𝑇𝑙 , we can
derive the upper bound of the 𝐼(𝑇𝑙 ; 𝑂)

𝐼(𝑇𝑙 ; 𝑂) ≤ 𝐼(𝑇𝑙 ; 𝑋) − 𝐼(𝑋; 𝑌 ) ≤ 𝐼(𝑇1 ; 𝑋) − 𝐼(𝑋; 𝑌 ) ≤ 𝐼(𝑇𝑙 ; 𝑋),

(3.9)

where the last term 𝐼(𝑋; 𝑌 ) is a constant with respect to the training process.
Please refer to Appendix A.1 for the proof. Above proposition implies that an em
bedding 𝑇 is insensitive to the policy bias 𝑂, by simply reducing 𝐼(𝑇 ; 𝑋). Meanwhile,
by maximizing 𝐼(𝑇 ; 𝑌 ) in IB Lagrangian, embedding 𝑇 will be forced to retain minimum
information from 𝑋 that is pertinent to the task 𝑌 . In deep models, according to the Data
Processing Inequality (DPI) [11] , minimizing 𝐼(𝑇 ; 𝑋) also works for controlling the policy
bias of the successive layers.

3.5 Tractable Optimization Framework
The proposed 𝐿𝐶𝑉 𝐼𝐵 is still intractable for optimization. In this section, we attempt
to find a tractable solution for three terms in 𝐿𝐶𝑉 𝐼𝐵 , respectively. And, we present our
algorithm of learning debiased embeddings by 𝐿𝐶𝑉 𝐼𝐵 at last.
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3.5.1 Minimal Information Term
The minimality term 𝐼(𝑇 ; 𝑋) in Eq. (3.8) can be measured with a KullbackLeibler
(KL) divergence as

𝐼(𝑇 ; 𝑋) = 𝔼𝑝(𝑋) [KL[𝑝(𝑇 |𝑋) ∥ 𝑝(𝑇 )]]
(3.10)

= 𝔼𝑝(𝑋)

[∫

𝑝(t|𝑥) log 𝑝(t|𝑥)𝑑 t −

𝑝(t) log 𝑝(t)𝑑 t .
]
∫

To avoid operating on the marginal 𝑝(𝑇 ) = ∫ 𝑝(𝑇 |𝑥)𝑝(𝑥)𝑑𝑥, we use a variational approx
imation of 𝑞(𝑇 ) as the marginal 𝑝(𝑇 ), which renders

−

∫

𝑝(t) log 𝑝(t)𝑑 t ≤ −

∫

𝑝(t) log 𝑞(t)𝑑 t
(3.11)

⇒ KL[𝑝(𝑇 |𝑋) ∥ 𝑝(𝑇 )] ≤ KL[𝑝(𝑇 |𝑋) ∥ 𝑞(𝑇 )].
Suppose the posterior 𝑝(𝑇 |𝑋) = 𝒩(𝜇(𝑋); diag(𝝈)) is a Gaussian distribution, where 𝜇(𝑋)
is the encoded embedding of input event 𝑋 and diag(𝝈) indicates a diagonal matrix with
elements 𝝈 = {𝜎𝑑 }𝐷
𝑑=1 . In other words, we assume the embedding is generated by
where 𝜀 ∼ 𝒩(0, 𝐼).

𝑇 = 𝜇(𝑋) + 𝜀 ⊙ 𝜎,

(3.12)

If we fix 𝜎𝑑 = const , ∀𝑑 , then 𝑇 would default to a deterministic embedding. Moreover,
by considering a standard Gaussian variational marginal 𝑞(𝑇 ) = 𝒩(0, 𝐼), the KL term
reduces to
KL[𝑝(𝑇 |𝑋) ∥ 𝑞(𝑇 )] = ‖𝜇(𝑋)‖22 +

1
𝜎 − log 𝜎𝑑 ) − 𝐷,
∑( 𝑑 2
𝑑

(3.13)

which means for a deterministic embedding, minimizing term 𝐼(𝑇 ; 𝑋) is equivalent to
directly applying ℓ2 norm regularization on the embedding vector. We can also make a
more complex assumption, for example, let 𝝈 be a trainable parameter, then apply a VAE
like architecture that encodes input events to mean and variance terms. We leave it as the
future work.

3.5.2 Contrastive Information Term
The mutual information 𝐼(𝑇 ; 𝑌 ) = 𝐻𝑝 (𝑌 ) − 𝐻𝑝 (𝑌 |𝑇 ), where 𝐻𝑝 (⋅) demotes the
entropy of 𝑝(⋅). The first entropy term is constant, since maximizing 𝐼(𝑇 ; 𝑌 ) is equivalent
to minimizing the second term 𝐻𝑝 (𝑌 |𝑇 ). We then further derive the lower bound of
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−𝐻𝑝 (𝑌 |𝑇 ) as①
𝐼(𝑇 ; 𝑌 ) =
≥

∫∫
∫∫

𝑝(𝑦, t) log 𝑝(𝑦|t)𝑑 t𝑑𝑦 + const
(3.14)

𝑝(𝑦, t) log 𝑞(𝑦|t)𝑑 t𝑑𝑦 + const = −𝐻𝑝,𝑞 (𝑌 |𝑇 ) + const.

The term 𝑞(𝑦|t) is an estimate of 𝑝(𝑦|t) with a classifier parameterized by 𝜃 , e.g., weight
matrices in deep networks or embedding parameters. We can use the cross entropy as
a proxy for the mutual information in the IB objective [56,114] , because max 𝐼(𝑇 ; 𝑌 ) ⇔
min 𝐻𝑝,𝑞 (𝑌 |𝑇 ) as shown above. Therefore, replacing the contrastive term 𝐼(𝑇 + ; 𝑌 ) −

𝐼(𝑇 − ; 𝑌 ) in Eq. (3.8) with 𝐻𝑝,𝑞 (𝑌 |𝑇 − ) − 𝐻𝑝,𝑞 (𝑌 |𝑇 + ) obtains
𝐻𝑝,𝑞 (𝑌 |𝑇 − ) − 𝐻𝑝,𝑞 (𝑌 |𝑇 + )
=

∫∫

𝑝(𝑦, t+ , t− ) [log 𝑞(𝑦|t+ ) − log 𝑞(𝑦|t− )] 𝑑𝑦𝑑 t+ 𝑑 t− .

(3.15)

Since we assume 𝑇 + and 𝑇 − are independent, the generative process can be written
as 𝑝(𝑌 , 𝑇 + , 𝑇 − ) = 𝑝(𝑌 |𝑇 + , 𝑇 − )𝑝(𝑇 + )𝑝(𝑇 − ). In order to make the term tractable, we here
approximate 𝑝(𝑌 |𝑇 + , 𝑇 − ) by 𝑞(𝑌 |𝑇 + ),② then cast Eq.(3.15) to

𝔼𝑝(𝑇 + ,𝑇 − )

[∫

𝑝(𝑦|t+ , t− )[log 𝑞(𝑦|t+ ) − log 𝑞(𝑦|t− )]𝑑𝑦

⇒ 𝔼𝑝(𝑇 + ,𝑇 − )

+

[∫

+

]

(3.16)
−

𝑞(𝑦|t )[log 𝑞(𝑦|t ) − log 𝑞(𝑦|t )]𝑑𝑦 .
]

This term further goes to our final results as

𝔼𝑝(𝑇 + ,𝑇 − )

[∫

𝑞(𝑦|t+ ) log 𝑞(𝑦|t− )𝑑𝑦
𝑞(𝑦|t+ ) log 𝑞(𝑦|t+ )𝑑𝑦 − 𝔼𝑝(𝑇 + ,𝑇 − )
[∫
]
]
+

−

(3.17)

+

⇒ 𝐻𝑞 (𝑌 |𝑇 , 𝑌 |𝑇 ) − 𝐻𝑞 (𝑌 |𝑇 ),
where the first term of the right hand side is the cross entropy between 𝑞(𝑌 |𝑇 + ) and

𝑞(𝑌 |𝑇 − ). We identify that the second term is in line with the maximum entropy princi
ple [115116] and the confidence penalty proposed by Pereyra et al. [117] that is imposed on
the output distribution of deep neural networks. While out of our derivation, the confi
dence penalty is only imposed on the factual output 𝑞(𝑌 |𝑇 + ). We hence propose balanced
learning by restricting the distance between factual and counterfactual posterior, which
provably strengthens model’s generalization over the underlying users’ true preference
distribution.

① Here we slightly abuse notation by denoting 𝐻𝑝,𝑞 (𝑌 |𝑇 ) ∶= 𝔼𝑥∼𝑝(𝑋) 𝔼t∼𝑝(𝑇 |𝑋) ∫ −𝑝(𝑦|𝑥) log 𝑞(𝑦|t)𝑑𝑦.
② We may also pick 𝑝(𝑌 |𝑇 + ) as the approximation, which renders 𝐻𝑝,𝑞 (𝑌 |𝑇 + , 𝑌 |𝑇 − ) − 𝐻𝑝,𝑞 (𝑌 |𝑇 + ). However, it has
less operational meaning and its last term cancels out with another taskaware term 𝐼(𝑇 + ; 𝑌 ).
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Algorithm 3.1

Counterfactual Learning with CVIB in MNAR Data for Rec

ommendation.

1
2
3

4
5
6
7
8
9
10

Data: Training factual set Ω+ , counterfactual set Ω− ; Hyperparameters 𝛼 , 𝛽 , 𝛾
Result: Learned model parameters 𝜃
Initialize model’s parameters 𝜃 ;
while Training loss keeps decreasing do
Sample a batch of paired factuals 𝑋 + , 𝑌 + from Ω+ , and counterfactuals 𝑋 − from
Ω− ;
1 in Eq. (3.19) ;
Compute the sufficiency term ⃝
2 in Eq. (3.19) ;
Compute the balancing term ⃝
3 in Eq. (3.19) ;
Compute the confidence penalty term ⃝
4 in Eq. (3.19) ;
Compute the minimality term ⃝
1 + 𝛼⃝
2 − 𝛾⃝
3 + 𝛽⃝
4 ;
Compute the batch objective loss as 𝐿̂ 𝐶𝑉 𝐼𝐵 = ⃝
Update the model parameters 𝜃 via stochastic gradient descent based on 𝐿̂ 𝐶𝑉 𝐼𝐵 ;
end

3.5.3 Taskaware Information Term
We next omit the superscript of 𝑇 + in 𝐼(𝑇 + ; 𝑌 ) for simplicity in the following. Sim
ilar to the operation of taskaware mutual information in Eq. (3.14), we use an approxi
mation 𝑞(𝑌 |𝑇 ) to substitute 𝑝(𝑌 |𝑇 )

𝐼(𝑇 ; 𝑌 ) ≥ 𝔼𝑝(𝑇 ,𝑋)

[∫

𝑝(𝑦|𝑥) log 𝑞(𝑦|t)𝑑𝑦 ⇒ −𝐼(𝑇 ; 𝑌 ) ≤ 𝐻𝑝,𝑞 (𝑌 |𝑇 ),
]

(3.18)

which indicates that this term is a proxy of the cross entropy loss between the true outcome

𝑝(𝑌 |𝑋) and the prediction 𝑞(𝑌 |𝑇 ).

3.5.4 Algorithm Overview
Taking all the above derivations together, we conclude to the final objective function

𝐿̂ 𝐶𝑉 𝐼𝐵 , which encompasses four terms:
+
+
−
+
+ )‖2 + ‖𝜇(𝑋 − )‖2 )
𝐿̂ 𝐶𝑉 𝐼𝐵 = 𝐻
𝑝,𝑞 (𝑌 |𝑇 ) + 𝛼𝐻
𝑞,𝑞 (𝑌 |𝑇 , 𝑌 |𝑇 ) − 𝛾𝐻
𝑞 (𝑌 |𝑇 ) + 𝛽(‖𝜇(𝑋
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
2
2
⏟⏟⏟⏟⏟⏟⏟⏟⏟
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
⏟⏟⏟⏟⏟⏟⏟⏟⏟

1 Sufficiency
⃝

2 Balancing
⃝

3 Penalty
⃝

4 Minimality
⃝
(3.19)

1 denotes the cross entropy between 𝑝(𝑌 |𝑇 + ) and 𝑞(𝑌 |𝑇 + ); term ⃝
2 is cross
where term ⃝
3 is entropy of 𝑞(𝑌 |𝑇 + ). For com
entropy between 𝑞(𝑌 |𝑇 + ) and 𝑞(𝑌 |𝑇 − ); and term ⃝
puting this objective, we need to draw 𝑥+ , 𝑦+ from the factual set Ω+ and 𝑥− from the
1 is supervised loss on the fac
counterfactual set Ω− in one iteration. Specifically, term ⃝
2 ⃝
3 are contrastive regularization for balancing between factual
tual outcomes; terms ⃝,
4 is minimality loss to improve the model’s ro
and counterfactual domains; and term ⃝
30
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bustness against policy bias. The whole optimization process over the 𝐿̂ 𝐶𝑉 𝐼𝐵 is hence
summarized in Algorithm 3.1, where we should specify the values of 𝛼 , 𝛽 and 𝛾 to balance
these terms in optimization.

3.6 Experiments
Aiming to validate CVIB’s effectiveness, we perform experiments on realworld
datasets in this section. We elaborate on the experimental setups, and report the compari
son results between CVIB and other baselines, which substantiate its allround superiority
in counterfactual learning.

3.6.1 Datasets
In order to evaluate the learned model’s generalization ability on the underlying
groundtruth distribution 𝑝(𝑥, 𝑦), rather than the only on the logged feedback, i.e., the fac
tual domain, we usually need an additional MAR test set, where the users are served with
uniformly displayed items, namely RCTs. As far as we know, there are only two open
datasets that satisfy this requirement:
Yahoo! R3 Dataset [102] . This is a usersong rating dataset, where there are over
300K ratings selfselected by 15,400 users in its training set, hence it is MNAR data.
Besides, they collect an additional MAR test set by asking 5,400 users to rate 10 randomly
displayed songs.
Coat Shopping Dataset [105] . This dataset consists of 290 users and 300 items. Each
user rates 24 items by themselves, and is asked to rate 16 uniformly displayed items as
the MAR test set.
We simplify the underlying rating prediction problem to binary classification in our
experiments, by making rating which is 3 or higher be positive feedback and those lower
than 3 as negative.

3.6.2 Baselines
Our CVIB is modelagnostic, thus applicable for most models in recommendation
that take embeddings to encode the events, including the shallow and deep models. In
our experiments, we pick matrix factorization (MF) [118] as shallow backbone and neural
collaborative filtering (NCF) [98] as the deep backbone. Both of these methods project
users and items into a shared space and represent them with unique vectors, namely em
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beddings.
The most popular technique to debias MNAR data by involving RCTs is the inverse
propensity score (IPS) method [105] . Its variants, the selfnormalized IPS (SNIPS) [119] ,
doubly robust (DR) [120] and joint learning doubly robust (DRJL) [121] are also widely
used. In our experiments, we take 5% of test data to learn the propensity scores via a
naive Bayes estimator [105]

𝑝(𝑦|𝑂 = 1)𝑝(𝑂 = 1)
,
(3.20)
𝑝(𝑦)
for IPS, SNIPS, DR, and DRJL. Applying these methods to both shallow and deep back
𝑝(𝑂𝑢,𝑖 = 1|𝑌𝑢,𝑖 = 𝑦) =

bones, we involve muliple baselines in comparison with our MFCVIB and NCFCVIB.
Note that only CVIB is RCTfree among all methods.

3.6.3 Experimental Protocol
We implement all the methods on PyTorch [122] . For both the MF and NCF, we fix the
embedding size of both users and items to be 4 because in our experiments, we find when
embedding size gets larger, the performance of all methods on the MAR test set decays,
which may be caused by overfitting. We randomly draw 30% data from the training set for
validation, on which we apply a grid search for hyperparameters to pick the best configura
tion. Adam [123] is utilized as the optimizer for fast convergence during training, with its
learning rate in {0.1, 0.05, 0.01, 0.005, 0.001}, weight decay in {10−3 , 10−4 , 10−5 }, and
batch size in {128, 256, 512, 1024, 2048}. For NCF, we set an additional hidden layer
with width 8. Specifically for CVIB, we set the hyperparameters 𝛼 ∈ {2, 1, 0.5, 0.1},
and 𝛾 ∈ {1, 0.1, 10−2 , 10−3 }. Since we already set weight decay for Adam, we do not
apply the ℓ2 norm term on the embeddings. After finding out the best configuration on
the validation set, we evaluate the trained models on the MAR test set.

3.6.4 Results & Analysis
The overall evaluation results are reported in Table 3.2. There are three main obser
vations:
(1) Even if they utilize additional RCTs, the IPS, SNIPS, DR and DRJL methods
sometimes work worse than the naive model. By contrast, we identify that our RCTfree
CVIB method is capable of enhancing both the shallow and deep models significantly in
all experiments. It indicates that the contrastive regularization on the taskaware informa
tion, contained in embeddings of factual and counterfactual events, results in improvement
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Table 3.2 MSE and AUC on the MAR test set of COAT [105] and YAHOO [102] , where the best
ones are in bold.
COAT

YAHOO

MSE

AUC

MSE

AUC

MF

0.2451

0.7020

0.2493

0.6767

+IPS [105]

0.2299

0.7156

0.2260

0.6793

+SNIPS [119]

0.2374

0.6960

0.1945

0.6810

0.2357

0.7058

0.2108

0.6883

+DRJL [121]

0.2423

0.6915

0.2745

0.6892

+CVIB (ours)

0.2189

0.7218

0.1671

0.7198

NCF

0.2030

0.7688

0.3313

0.6772

0.2008

0.7708

0.1777

0.6708

0.1922

0.7695

0.1699

0.6880

0.2161

0.7514

0.1698

0.6886

0.2097

0.7579

0.2789

0.6820

0.2017

0.7713

0.2820

0.6989

+DR

+IPS

[120]

[105]

+SNIPS [119]
+DR

[120]

+DRJL

[121]

+CVIB (ours)

Table 3.3 Average nDCG with 10 runs on the MAR test set of COAT and YAHOO where the
best ones are in bold.
MF

IPS

SNIPS

DR

DRJL

CVIB

nDCG@5

0.589

0.633

0.603

0.622

0.608

0.663

nDCG@10

0.667

0.689

0.676

0.693

0.679

0.721

MF

IPS

SNIPS

DR

DRJL

CVIB

nDCG@5

0.633

0.636

0.635

0.659

0.652

0.734

nDCG@10

0.762

0.760

0.762

0.774

0.770

0.820

COAT

YAHOO

of model generalization ability. To further evaluate our method in terms of ranking qual
ity, we report the results of nDCG in Table 3.3. CVIB shows more significant gain over
the baselines than on AUC.
(2) We perform repeated experiments to quantify our CVIB’s sensitivity to the bal
ancing term weight 𝛼 and confident penalty term weight 𝛾 in Eq. (3.19). From Fig. 3.7
we identify that 𝛼 influences results significantly on COAT, while dose not make much
difference on YAHOO. In general, increasing 𝛼 enhances the test AUC, which is aligned
33
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(b) YAHOO (𝛾 = 10−3 )

(a) COAT (𝛾 = 10−3 )
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(d) YAHOO (𝛼 = 1)

(c) COAT (𝛼 = 1)

Figure 3.7 Test results of MFCVIB with varying 𝛼 and 𝛾 . Shaded regions show the 90% con
fidence intervals of the test AUC.

with our argument that contrastive information term benefits in balancing model between
factual and counterfactual domains and then leads to better generalization ability. The
confidence penalty 𝛾 plays less role in accuracy, but we should not set it too high to avoid
underfitting.
(3) One would notice that the performance of NCFCVIB in terms of MSE is rela
tively weak, while we argue that good recommendation does not necessarily rely on low
MSE prediction. For instance, for the true outcomes 𝑦 = {1, 0, 0, 0}, the predictions

𝑦1̂ = {0, 0.1, 0.1, 0.1} have much lower MSE than 𝑦2̂ = {0.6, 0.4, 0.4, 0.4}, although the
former is obviously a worse prediction than the latter in terms of ranking. It turns out
that NCFCVIB overestimates the outcomes on the test set of YAHOO, nevertheless it
still reaches the best ranking quality measured by AUC. In practice of recommender sys
tems, instead of low MSE, we would rather appreciate high ranking quality, namely AUC,
which demonstrates the model’s capability of finding out the positive examples.

3.7 Chapter Summary
In this chapter, we focused on adapting information bottleneck principle for learning
recommender system models that are able to precisely rank the items according to the
users’ true preferences. As the missingnotatrandom (MNAR) effect is ubiquitous in
34
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modern recommender systems, the original IB based methods are no longer best suited.
Missingatrandom (MAR) data, namely randomized controlled trials (RCTs), are usu
ally required by most previous counterfactual learning methods for debiasing learning.
However, the execution of RCTs is extraordinarily expensive in practice. To circumvent
the use of RCTs, we build an informationtheoretic counterfactual variational information
bottleneck (CVIB), as an alternative for debiasing learning without RCTs.
Techinically, we proposed an information theoretic counterfactual learning frame
work in recommender systems. By separating the taskaware sufficiency term in the orig
inal information bottleneck objective into factual and counterfactual parts, we derived
a contrastive information regularizer and a output confidence penalty, thus obtaining a
novel CVIB objective function. The paradigm of information contraction encourages the
learned model to be balanced between the factual and counterfactual domains, therefore
improves its generalization ability significantly, which is validated by our empirical ex
periments. Our CVIB provides insight in utilizing information theoretic representation
learning methods in recommendation, and sheds light on debiasing learning under MNAR
data in the absence of expensive RCTs. In summary, our contributions are as follows:
• We establish a novel CVIB framework adapted from IB, which suggests new avenues
in counterfactual learning from MNAR data in an RCTfree paradigm.
• A novel solution is proposed to handle the optimization of CVIB on MNAR data, which
specifies a contrastive information term associated with a minimality term.
• We empirically investigate our method’s advantages on realworld datasets for cor
recting MNAR bias without the need of acquiring the RCTs. Code is available at
https://github.com/RyanWangZf/CVIBRec.
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CHAPTER 4 INFORMATION BOTTLENECK WITH
PACBAYES GENERALIZATION GUARANTEE
Information bottleneck theory is promising for explaining the blackbox behavior of
deep neural networks during training. Four main claims were made in IB theory: First,
the training of DNNs consists of an initial fitting phase and the a subsequent compression
phase; Second, the representation compression has causal relationship with the generaliza
tion capacity of DNNs; Third, the representation compression is achieved by the random
diffusion of stochastic gradient descents after the initial fitting phase; And last, the ulti
mate goal of DNNs is to optimize the IB tradeoff between compression and prediction.
However, a series of recent critics towards the classical IB theory intimidate the uni
versality of those claims (please refer to the last paragraph of §2.3 and next section §4.1
for the details of these critics). In this work, the following three research questions are of
our interests:
• Is the twophase training behaviour of DNNs universal in real practices? If this claim is
invalid with the previously proposed representation based information measure 𝐼(𝑇 ; 𝑋),
how do we validate this claim through another information theoretic perspective?
• As the representation based information 𝐼(𝑇 ; 𝑋) was doubted not being causally related
to generalization, how do we find another measure with theoretical generalization guar
antee? Also, how do we make use of this new measure for facilitating the information
bottleneck principle?
• With the new information bottleneck at hand, how do we utilize it for efficient training
and inference of DNNs in practice?
In the following sections, we first discuss the caveats of the representationbased infor
mation bottleneck, then we elaborate on our methodology to the above questions point
bypoint.

4.1 On Caveats of Representationbased Information Bottleneck
Since the proposal of information bottleneck theory, there appeared heat discussions
and critics towards the claims of IB’s capability of explaining DNNs. At first, Shwartz
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Ziv et al. [14] demonstrated a clear boundary between the fitting and compression phase
where training error becomes small and the random diffusion of SGD dominates the learn
ing process. However, Saxe et al. [64] argued that this phenomenon only appears when the
doublesided saturating nonlinearities like tanh are deployed. When the activation func
tion is one of those linear or singlesided saturating nonlinearities like ReLU, no apparent
compression phase can be observed. The boundary between fitting and compression phase
fades away, i.e., compression happens simultaneously with the fitting process, hence IB
does not offer meaningful insight in DNNs learning process any more.
Second, the claimed causality between compression and generalization was also de
nounced [23,64] , i.e., networks that do not compress still generalize well, and vice versa.
Goldfeld et al. [23] identified that networks with orthonormal weight regularization term
can generalize well completely free of compression. Instead, they proposed that the
clustering of hidden representations concurrently occurs with good generalization abil
ity. However, this new proposal still lacks solid theoretical guarantee.
Third, the mutual information term becomes trivial in deterministic cases as described
by Eq. (2.2). Some other problems encountered in deterministic cases are also pointed out
by Kolchinsky et al. [22] . Although several techniques, e.g., bining and adding noise, are
adopted for making stochastic approximation for the information term, they might either
violate the principle of IB or be contradictory to the high performance of DNNs. We need
to design efficient stochastic realization of DNNs both for estimating information and for
better inference.

4.2 A New Bottleneck with PACBayes Guarantee
Recall the representationbased information bottleneck max𝑇 𝐼(𝑇 ; 𝑌 )−𝛽𝐼(𝑋; 𝑇 ) that
is built on the information complexity of representation 𝐼(𝑋; 𝑇 ). We discussed its caveats
in last section that it is not causally related to generalization, which renders many follow
ups on deriving new informationtheoretic generalization measure. One of the most gen
eralization measure is the information contained in model parameters 𝐼(w; 𝑆). Let’s recap
the basic conception of generalization discussed in §2.4.
A loss function ℓ(𝑓 w (𝑋), 𝑌 ) is a measure of the degree of prediction accuracy 𝑓 w (𝑋)
compared with the groundtruth label 𝑌 . Given the groundtruth joint distribution 𝑝(𝑋, 𝑌 ),
the expected true risk (outofsample risk) is taken on expectation as

𝐿(w) ≜ 𝔼𝑝(w|𝑆) 𝔼𝑝(𝑋,𝑌 ) [ℓ(𝑓 w (𝑋), 𝑌 )].
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It should be noted here we take an additional expectation over 𝑝(w|𝑆) because we are
evaluating risk of the learned posterior instead of a single parameter w. In addition, we
call 𝑝(w|𝑆) posterior here for convenience while it is not the Bayesian posterior that is
computed through Bayes theorem 𝑝(w|𝑆) =

𝑝(w)𝑝(𝑆|w)
.
𝑝(𝑆)

The PACBayes bounds intro

duced later hold even if prior 𝑝(w) is incorrect and arbitrarily chosen posterior 𝑝(w|𝑆).
In practice, we only own finite samples for the purpose of learning, namely the train
ing data 𝑆 = {𝑋𝑖 , 𝑌𝑖 }𝑛𝑖=1 with 𝑛 i.i.d. samples drawn from 𝑝(𝑋, 𝑌 ). This gives rise to the
empirical risk defined on 𝑆 as
𝑛

1
𝐿𝑆 (w) = 𝔼𝑝(w|𝑆)
ℓ(𝑓 w (𝑋𝑖 ), 𝑌𝑖 ) .
∑
[ 𝑛 𝑖=1
]

(4.2)

With the above Eq. (4.1) and Eq. (4.2) at hand, the generalization gap when the
learned posterior 𝑝(w|𝑆) is testified in outofsample is

∆𝐿(w) ≜ 𝐿(w) − 𝐿𝑆 (w).

(4.3)

Xu et al. [83] proposed a novel PACBayes bound based on the information contained in
weights 𝐼(w; 𝑆) that

2𝜎 2
𝐼(w; 𝑆),
(4.4)
𝑛
when ℓ(𝑓 w (𝑋), 𝑌 ) is 𝜎 subGaussian; A series of following works also tightened this
𝔼𝑝(𝑆) [𝐿(w) − 𝐿𝑆 (w)] ≤ √

bound [8487] and verified it is an effective measure of generalization capability of learning
algorithms. Therefore, it is natural to build a new information bottleneck grounded on this
PACBayes generalization measure, namely the PACBayes information bottleneck (PIB),
as
min ℒPIB = 𝐿𝑆 (w) + 𝛽𝐼(w; 𝑆).

𝑝(w|𝑆)

(4.5)

In classification, the loss function term 𝐿𝑆 (w) is usually the expectation of negative log
likelihood 𝔼𝑝(w|𝑆) [− log 𝑝(𝑆|w)], hence the PIB in Eq. (4.5) is equivalent to
max 𝔼𝑝(w|𝑆) [log 𝑝(𝑆|w)] − 𝛽𝐼(w; 𝑆),

𝑝(w|𝑆)

(4.6)

which demonstrates a tradeoff between maximizing the loglikelihood on the data 𝑆 and
minimizing information compression of learned parameters w.
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4.3 Estimating Information Stored in Weights
4.3.1 Closedform Solution with Gaussian Assumption
By deriving a new information bottleneck PIB, we can look into the learning pro
cess of DNNs in another informationtheoretic perspective, i.e., how 𝐼(w; 𝑆) and 𝐿𝑆 (w)
evolves during the learning process of DNNs with SGD optimization. We are wondering
if the twophase transition phenomenon can be reidentified as well as IB does. Now the
key challenge ahead is how to estimate the information stored in weights 𝐼(w; 𝑆), as

𝐼(w; 𝑆) = 𝔼𝑝(𝑆) [KL(𝑝(w|𝑆) ∥ 𝑝(w))]

(4.7)

is the expectation of KL divergence between 𝑝(w|𝑆) and 𝑝(w) over the distribution of
dataset 𝑝(𝑆). 𝑝(w) is the marginal distribution of 𝑝(w|𝑆) by definition of mutual infor
mation, hence

𝑝(w) ≜ 𝔼𝑝(𝑆) [𝑝(w|𝑆)].

(4.8)

When we assume both 𝑝(w) = 𝒩(w|𝜽0 , 𝜮0 ) and 𝑝(w|𝑆) = 𝒩(w|𝜽𝑆 , 𝜮𝑆 ) are Gaussian
distributions, the KL divergence term in Eq. (4.7) has closedform solution as
KL(𝑝(w|𝑆) ∥ 𝑝(w)) = 𝔼𝑝(w|𝑆) [log 𝑝(w|𝑆) − log 𝑝(w)]

=

det 𝜮𝑆
1
log
− 𝐷 + (𝜽𝑆 − 𝜽0 )⊤ 𝜮0−1 (𝜽𝑆 − 𝜽0 ) + tr (𝜮0−1 𝜮𝑆 ) .
]
[
2
det 𝜮0

(4.9)

det A is the determinant of matrix 𝐴; 𝐷 is the number of dimension of parameter w and is a
constant after the DNN architecture built; 𝜽𝑆 are the yielded weights after SGD converges
on a dataset 𝑆 . When we further assume that 𝜮𝑆 = 𝛾𝜮0 , the logarithmic and trace terms
in Eq. (4.9) all become constant that only depends on 𝛾 . Herein the mutual information
term is proportional to the quadratic term such that
−1
⊤ −1
𝐼(w; 𝑆) ∝ 𝔼𝑝(𝑆) [(𝜽𝑆 − 𝜽0 )⊤ 𝜮0−1 (𝜽𝑆 − 𝜽0 )] = 𝔼𝑝(𝑆) [𝜽⊤
𝑆 𝜮0 𝜽𝑆 ] − 𝜽0 𝜮0 𝜽0 . (4.10)

Now we will see how to set prior covariance 𝜮0 .

4.3.2 Bootstrap Covariance of Oracle Prior
In previous PACBayes practice, 𝜮0 is often assumed to be isotropic Gaussian or
diagonal Gaussian for the sake of tractability. We doubt it is inappropriate and often causes
the information measure meaningless for practical use. Since the computation of exact
oracle prior needs the knowledge of 𝑝(𝑆), we propose to approximate it by bootstrapping
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from 𝑆 , that is

𝜮0 = 𝔼𝑝(𝑆) [(𝜽𝑆 − 𝜽0 )(𝜽𝑆 − 𝜽0 )⊤ ] ≃

1
(𝜽𝑆𝑘 − 𝜽𝑆 )(𝜽𝑆𝑘 − 𝜽𝑆 )⊤ ,
𝐾∑
𝑘

(4.11)

where 𝑆𝑘 is a bootstrap sample obtained by resampling from the finite data 𝑆 , and

𝑆𝑘 ∼ 𝑝(𝑆) is still a valid sample follows 𝑝(𝑆). Now we are closer to the solution but
the above term is still troublesome to calculate. For getting {𝜃𝑆𝑘 }𝐾
𝑘=1 , we need to opti
mize on a series of bootstrapping datasets {𝑆𝑘 }𝐾
𝑘=1 via SGD until it converges for 𝐾 times,
which is prohibitive in deep learning practices. Therefore, we propose to approximate the
difference 𝜽𝑆 −𝜽0 it by influence functions drawn from robust statistics literature [124126] .
Lemma 4.1 (Influence function [124125] ): Given a dataset 𝑆 = {𝑍𝑖 }𝑛𝑖=1 and the param
eter 𝜽𝑆̂ ≜ argmin𝜽 𝐿𝑆 (𝜽) = 1 ∑𝑛 ℓ𝑖 (𝜽) ① that optimizes the empirical loss function.
𝑛

𝑖=1

If we drop sample 𝑍𝑗 in 𝑆 to get a jackknife sample 𝑆⧵𝑗 and retrain our model, the new
parameters are
𝑛

1
1
𝜽𝑆̂ ⧵𝑗 = argmin 𝐿𝑆⧵𝑗 (𝜽) =
ℓ𝑖 (𝜽) − ℓ𝑗 (𝜽),
∑
𝑛 𝑖=1
𝑛
𝜽

(4.12)

the parameter difference 𝜽𝑆̂ ⧵𝑗 − 𝜽𝑆̂ can be approximated without leaveoneout retraining
by influence function 𝝍 , as

and H𝜽 ̂

𝑆

1
(4.13)
𝜽𝑆̂ ⧵𝑗 − 𝜽𝑆̂ ≃ − 𝝍𝑗 , where 𝝍𝑗 = −H−1̂ ∇𝜽 ℓ𝑗 (𝜽𝑆̂ ) ∈ ℝ𝐷 ,
𝜽𝑆
𝑛
≜ 1𝑛 ∑𝑛𝑖=1 ∇2𝜽 ℓ𝑖 (𝜽𝑆̂ ) ∈ ℝ𝐷×𝐷 is Hessian matrix and is positive definite (PD) by

assumption that loss function ℓ(𝜽) is twicedifferentiable and strictly convex in 𝜽.
The application of influence functions can be further extended to the case when the
loss function is perturbed by a vector 𝝃 = (𝜉1 , 𝜉2 , … , 𝜉𝑛 )⊤ ∈ ℝ𝑛 as
𝑛

̂ = argmin 𝐿𝑆 (𝜽, 𝝃) = 1
𝜽𝑆,𝝃
𝜉𝑖 ℓ𝑖 (𝜽).
𝑛∑
𝜽
𝑖=1

(4.14)

In this scenario, the parameter difference can be approximated by
𝑛

̂ − 𝜽𝑆̂ ≃
𝜽𝑆,𝝃

1
1 ⊤
(𝜉𝑖 − 1) 𝝍𝑖 = 𝑛 𝜳 (𝝃 − 1) ,
𝑛∑
𝑖=1

(4.15)

where 𝜳 = (𝝍1 , 𝝍2 , … , 𝝍𝑛 )⊤ ∈ ℝ𝑛×𝐷 is a combination of all influence functions 𝝍 ;
1 = (1, 1, … , 1)⊤ is an 𝑛dimensional allone vector.
Besides influence functions, we need another lemma on bootstrapping performance
in big data. When bootstrap resampling from dataset 𝑆 , each individual sample 𝑍𝑖 has a
① Note 𝐿𝑆 (𝜽) is not the expected empirical risk 𝐿𝑆 (w) in Eq. (4.2), instead, it is the deterministic empirical risk that
only relates to the mean parameter 𝜽. We also denote ℓ(𝑓 𝜽 (𝑋𝑖 ), 𝑌𝑖 ) by ℓ𝑖 (𝜽) for the notation conciseness.
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probability of

1
𝑛

As a result,

being picked, causing the weight 𝜉𝑖 a binomial distribution as

1
𝜉𝑖 ∼ Binomial (𝑛, ) .
(4.16)
𝑛
all weights 𝝃 follows a multinomial distribution as 𝝃
∼

Multinomial (𝑛, 1𝑛 , 1𝑛 , … , 1𝑛 ) with the total number of samples constrained to be 𝑛.
When it comes to big data, i.e., 𝑛 is prohibitively large, this multinomial resampling
scales w.r.t. sample size 𝑛 thus becomes rather slow. Therefore, we propose to utilize
Poisson bootstrapping as a substitute:
Lemma 4.2 (Poisson Bootstrapping [127128] ): Given infinite number of samples, the
bootstrap resampling weight 𝜉 has the property that

1
lim Binomial (𝑛, ) = Poisson(1).
𝑛→∞
𝑛

(4.17)

This approximation becomes precise in practice when 𝑛 ≥ 100. Also, we know 𝔼[𝜉𝑖 ] = 1
and Var[𝜉𝑖 ] = 1 by the definition of Poisson distribution when 𝑛 is large enough.
Based on Lemma 4.1 and Lemma 4.2, we are now able to give our lemma on approx
imation of oracle prior covariance in Eq. (4.11):
Lemma 4.3 (Approximation of Oracle Prior Covariance):

Given the definition of

influence functions (Lemma 4.1) and Poisson bootstrapping (Lemma 4.2), the covariance
matrix of the oracle prior can be approximated by
𝐾

⊤
1
𝜮0 = 𝔼𝑝(𝑆) [(𝜽𝑆 − 𝜽0 )(𝜽𝑆 − 𝜽0 ) ] ≃
𝜽𝝃̂ 𝑘 − 𝜽)̂ (𝜽𝝃̂ 𝑘 − 𝜽)̂
(
∑
𝐾 𝑘=1
⊤

(4.18)

1
1
≃ H−1̂ F𝜽 ̂H−1̂ ≃ F−1̂ ,
𝜽
𝑛 𝜽
𝑛 𝜽
̂ for notation conciseness, and 𝝃 𝑘 is the
where we omit the subscript 𝑆 of 𝜽𝑆̂ and 𝜽𝑆,𝝃
bootstrap resampling weight in the 𝑘th experiment.
Please refer to Appendix B.1 for the proof of this lemma.

4.3.3 Efficient Information Estimation Algorithm
After obtain the approximation of oracle prior covariance, we are now able to rewrite
the information 𝐼(w; 𝑆) in Eq. (4.10) to

̃ w; 𝑆) = 𝑛𝔼𝑝(𝑆) [(𝜽𝑆 − 𝜽0 )⊤ F ̂(𝜽𝑆 − 𝜽0 )] ≃ 𝑛(𝜽𝑆̄ − 𝜽0 )⊤ F ̂(𝜽𝑆̄ − 𝜽0 ).
𝐼(
𝜽
𝜽

(4.19)

̃ w; 𝑆). We approx
We omit the constant terms in 𝐼(w; 𝑆) and denote the rest term by 𝐼(
imate the expectation 𝔼𝑝(𝑆) [𝜽⊤
𝑆 𝐹𝜽 ̂𝜽𝑆 ] by taking an quadratic mean of model parameters
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Algorithm 4.1

1
2
3
4
5
6
7
8

Efficient approximate information estimation

Data: Total number of samples 𝑛, batch size 𝐵 , learning rate 𝜂 , moving average
hyperparameters 𝜌 and 𝐾
̃ w; 𝑆)
Result: Calculated approximate information 𝐼(
Pretrain the model by vanilla SGD to obtain the prior mean 𝜽0 ;
Initialize a sequence of gradients set ∇ℒ = ∅ ;
repeat
̂ );
∇𝐿𝑡 ← ∇𝜽 𝐵1 ∑𝑏 ℓ𝑏 (𝜽𝑡−1
/* Compute minibatch gradient */
̂
̂
𝜽𝑡 ← 𝜽𝑡−1 − 𝜂∇𝐿𝑡 ;
/* Vanilla SGD */
∇ℒ ← ∇ℒ ⋃{∇𝐿𝑡 )} ;
/* Store gradients */

̄ + 1−𝜌 ∑𝐾−1 𝜽2̂ ;
𝜽𝑡̄ ← √𝜌𝜽2𝑡−1
𝑘=0 𝑡−𝑘
𝐾
until Go across all minibatches within this epoch;

/* Moving average */

/* Efficient computation of approximated information */
9
10
11
12
13

∆𝜽 ← 𝜽𝑇̂ − 𝜽𝑇̄ , ∆F0 ← 0 ;
for t=1:T do
∆F𝑡 ← ∆F𝑡−1 + ∆𝜽⊤ ∇𝐿𝑡 ;
end
̃ w; 𝑆) ← 𝑛 ∆F2 ;
𝐼(
𝑇
𝑇

/* Storagefriendly computation */

during SGD updates, as
⊤
√
√
√
√
⎛√ 1 𝐾
⎞
√1 𝐾
√1 𝐾
√1 𝐾
𝜽𝑆̄ = √
𝜽2̂ = ⎜√
𝜃 2̂ , √
𝜃 2̂ , … , √
𝜃 2̂ ⎟
(4.20)
∑ 𝑘 ⎜ 𝐾 ∑ 1,𝑘
∑ 2,𝑘
∑ 𝐷,𝑘 ⎟
𝐾 𝑘=1
𝐾
𝐾
⎷
⎷ 𝑘=1
⎷ 𝑘=1
⎝⎷ 𝑘=1
⎠
to yield the final information measure. Hereinafter, we encapsulate our algorithm for

estimating information stored in weights during SGD by Algorithm 4.1.
In Eq. (4.19), the information consists of two major components, 𝜽𝑆̄ − 𝜽0 ∈ ℝ𝐷 and
the Fisher information matrix (FIM) F𝜽 ̂ ∈ ℝ𝐷×𝐷 , which can easily cause outofmemory
error due to the highdimensional matrix product operations. We therefore hack into FIM
to get

⎡ 𝑇
⎤
̂ 𝜽 ℓ⊤ (𝜽)̂ ⎥ ∆𝜽
̃ w; 𝑆) = 𝑛∆𝜽
𝐼(
∇𝜽 ℓ𝑡 (𝜽)∇
𝑡
⎢𝑇 ∑
⎥
⎣ 𝑡=1
⎦
⊤⎢1

𝑇

𝑛
⊤
̂ 𝜽 ℓ⊤ (𝜽)∆𝜽
̂
=
[∆𝜽 ∇𝜽 ℓ𝑡 (𝜽)∇
]
𝑡
𝑇 ∑
𝑡=1

(4.21)

𝑇

2
𝑛
∆𝜽⊤ ∇𝜽 ℓ𝑡 (𝜽)̂ ] ,
=
[
𝑇 ∑
𝑡=1

such that the high dimensional matrix vector product reduces to vector inner product,
which enables its application in enormous DNNs.
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Here we introduce a new notion of information stored in weights in DNNs. This
measure is built on Fisher information matrix that relates to the flatness of Remannian
manifold. Unlike Hessian eigenvalues of loss functions which are used for identifying
flat local minima and generalization but can be made arbitrarily large [129] , this notion is
invariant to reparameterization of DNNs. Also, our measure is invariant to the choice of
nonlinearieties because it is not amortized, i.e., it is not directly influenced by input 𝑋
like 𝐼(𝑇 ; 𝑋). We corroborate that it is capable of reproducing the twophase transition for
varying nonlinearities (e.g., ReLU, Linear, Tanh, etc.) in §4.5.1.

4.4 Bayesian Inference for the Optimal Posterior
Recall that we design a new bottleneck on the expected generalization gap drawn from
PACBayes theory in §4.2, and then derive an approximation of the information stored in
weights in §4.3. The two components of our PACBayes IB in Eq. (4.6) are tractable as
a learning objective. We give the following lemma on utilizing it for inference.
Lemma 4.4 (Optimal Posterior for PACBayes Information Bottleneck): Given an
observed dataset 𝑆 ∗ , the optimal posterior 𝑝(w|𝑆 ∗ ) of PACBayes IB in Eq. (4.5) should
satisfy the following form that

𝑝(w|𝑆 ∗ ) =

1
1
1
1
𝑝(w) exp − 𝐿̂ 𝑆 ∗ (w) =
exp − (𝑈𝑆 ∗ (w)) ,
}
{ 𝛽
} 𝑍(𝑆)
{ 𝛽
𝑍(𝑆)

(4.22)

where 𝑈𝑆 ∗ (w) is the energy function defined by

𝑈𝑆 ∗ (w) = 𝐿̂ 𝑆 ∗ (w) − 𝛽 log 𝑝(w),

(4.23)

and 𝑍(𝑆) is the normalizing constant.
Please refer to Appendix B.2 for the proof. The reason why we write the posterior
in terms of an exponential form is that it is a typical Gibbs distribution [130] (also called
Boltzmann distribution) with energy function 𝑈𝑆 ∗ (w) and temperature 𝛽 . Crediting to
this formula, we are able to adopt Markov chain Monte Carlo (MCMC) for rather effi
cient Bayesian inference. Specifically, we propose to use stochastic gradient Langevin
dynamics (SGLD) [33] that has been proved efficient and effective in large scale posterior
inference. SGLD can be realized by a simple adaption of SGD as
w𝑘+1 = w𝑘 − 𝜂𝑘 g𝑘 + √2𝜂𝑘 𝛽𝜀𝑘 ,

(4.24)

where 𝜂𝑘 is step size, 𝜀𝑘 ∼ 𝒩(𝜀|0, I𝐷 ) is a standard Gaussian noise vector, and g𝑘 is an
unbiased estimate of energy function gradient ∇𝑈 (w𝑘 ). SGLD can be viewed as a discrete
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Algorithm 4.2

1

Optimal Gibbs Posterior Inference by SGLD.

Data: Total number of samples 𝑛, batch size 𝐵 , learning rate 𝜂 , temperature 𝛽
Result: A sequence of weights {w𝑡 }𝑡≥𝑘̂ following 𝑝(w|𝑆 ∗ )
repeat

/* Stochastic gradients of energy function
2

̃𝑆 ∗ (w𝑡−1 ) ←
∇𝑈

∇ (− 𝐵𝑛

∑𝑏 log 𝑝(𝑌𝑏 |𝑋𝑏 , w𝑡−1 ) − 𝛽𝑡−1 log 𝑝(w𝑡−1 )) ;

/* Weight update by SGLD
3
4

*/

𝜀𝑡 ← 𝒩(𝜀|0, I𝐷 ) ;
̃𝑆 ∗ (w𝑡−1 ) + √2𝜂𝑡−1 𝛽𝑡−1 𝜀𝑡 ;
w𝑡 ← w𝑡−1 − 𝜂𝑡−1 ∇𝑈

/* Decay and annealing
5
6

*/

*/

𝜂𝑡 ← 𝜙𝜂 (𝜂𝑡−1 ), 𝛽𝑡 ← 𝜙𝛽 (𝛽𝑡−1 ) ;
until The weight sequence {w𝑡 }𝑡≥𝑘̂ becomes stable;

Langevin diffusion described by stochastic differential equation [41,131] :

𝑑 w(𝑡) = −∇𝑈 (w(𝑡))𝑑𝑡 + √2𝛽𝑑𝐵(𝑡),

(4.25)

where {𝐵(𝑡)}𝑡≥0 is the standard Brownian motion in ℝ𝐷 . The Gibbs distribution 𝜋(w) ∝
exp(− 𝛽1 𝑈 (w)) is the unique invariant distribution of Eq. (4.25). And that distribution of
w𝑡 converges rapidly to 𝜋(w) when 𝑡 → ∞ with sufficiently small 𝛽 [132] . Similarly for
SGLD in Eq. (4.24), under the conditions that
∞

∑

∞

𝜂𝑡 → ∞ and

𝑡

∑

𝜂𝑡2 → 0,

(4.26)

𝑡

and an annealing temperature 𝛽 , the sequence of {w𝑘 }𝑘≥𝑘̂ converges to Gibbs distribution
with sufficiently large 𝑘̂ .
As we assume the oracle prior 𝑝(w) = 𝒩(w|𝜽0 , 𝜮0 ), log 𝑝(w) in Eq. (4.23) satisfies

− log 𝑝(w) ∝ (w − 𝜽0 )⊤ 𝜮0−1 (w − 𝜽0 ) + log(det 𝜮0 ).

(4.27)

The algorithm for inference of the optimal posterior is then given by Algorithm 4.2. 𝜙𝜂 (⋅)
and 𝜙𝛽 (⋅) are learning rate decay and temperature annealing functions, respectively. They
can be linear, cosine, or stagewise decay functions. Our SGLD based algorithm lever
ages the advantage of MCMC such that is capable of sampling from the optimal posterior
ignorant of complexity of DNNs. It can be realized with a minimal adaptation of common
autodifferentiation packages, e.g., PyTorch [122] , by injecting isotropic noise in the SGD
function.
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4.5 Experiments
In this section, we aim to verify the effectiveness of the proposed information mea
sure. We are interested in its performance under various DNNs settings for the sake of
different nonlinearities (§4.5.1), architecture (§4.5.2), noise ratio (§4.5.3), and batch size
(§4.5.4). We also substantiate the superiority of optimal Gibbs posterior inference based
on the proposed algorithm, where the information stored in weights is proved an effec
tive regularization for training DNNs (§4.5.5). We conclude the empirical observations
in §4.5.6 at last.
All experiments are conducted on MNIST [38] or on CIFAR10 [133] . We design two
multilayer perceptron (MLPs): MLPSmall and MLPLarge, where MLPSmall is a two
layer DNN, i.e., 784(3072)51210, and MLPLarge is a fivelayer DNN, i.e., 784(3072)
10080604010. The number of input units is 784 with permutation MNIST inputs or
3072 with permutation CIFAR10 inputs. In the general setting, we pick Adam opti
mizer [123] to boost the convergence of DNN training.

4.5.1 Information with Different Nonlinearities
One pitfall of previous representationbased IB is that it does explain the DNNs
equipped with other nonlinearities instead of tanh. When other nonlinearities are used,
e.g., sigmoid, relu, etc., the phase transition phenomenon does not appear in experiments.
Here, we try to train MLPSmall on plain cross entropy loss by Adam on MNIST dataset
meanwhile monitor the trajectory of our new information measure 𝐼(w; 𝑆). Results are
illustrated in Fig. 4.1 where four different nonlinearities are testified: linear, tanh, ReLU,
and sigmoid.
For all four nonlinearities, we identify that there is a clear boundary between fitting
and compression phase. For example, for the linear on the first row, the information

𝐼(w; 𝑆) increases dramatically within the first 20 iterations then decreases slowly during
the next 200 iterations. At the same time, we could see that the training loss on the right
reduces sharply at the initial stage, then keeps decreasing simultaneous to the information
compression. This result tells us that the rise and fall of information in weights keeps
pace to the loss. In other words, as the compression of 𝐼(w; 𝑆) is deeply connected to
the generalization of DNNs according to PACBayes theorem, our finding verifies this
connection empirically.
Although the compression of information in representations 𝐼(𝑇 ; 𝑋) is completely
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Figure 4.1 Information stored in weights (left), loss and accuracy (right) of DNNs trained with
different nonlinearities (linear, tanh, ReLU, and sigmoid). The yaxis of information is in loga
rithmic scale for better display.
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𝑥

𝑔 ⋅

𝑦ො

𝑡 = 𝑔 𝑤1 𝑥

Figure 4.2 Nonlinear compression of a minimal model. (A) A three neuron MLP with Gaussian
inputs 𝑥, weight 𝑤1 , and nonlinearity 𝑔(⋅). (B) The representation 𝑡 produced by tanh activation
is binned into a discrete variable 𝑇binned for computing information. (C) and (D) are information
when tanh and ReLU are picked. This figure is reproduced from [64].

gone for nonsaturation activations like ReLU, our measure 𝐼(w; 𝑆) shows great univer
sality on digging out the information compression of DNNs. The representation based
information 𝐼(𝑇 ; 𝑋) is sensitive to the selection of nonlinearities due to the amortized
inference, i.e., the representation 𝑇 is a function of inputs 𝑋 and activation function 𝑔(⋅).
A experiment of Saxe et al. [64] shows that the compression of representation based infor
mation is subtle to activations, by Fig. 4.2. When we try to evaluate 𝐼(𝑇 ; 𝑋) by binning,
the continuous tanh nonlinear activations are binned into 30 bins evenly spaced between

−1 and 1 in (B). Because of the saturation in the sigmoid, a wide range of large magnitude
net input values are mapped to the same bin. For (C) and (D), we see that mutual infor
mation 𝐼(𝑇 ; 𝑋) of tanh and ReLU activations. For tanh, information increases rapidly for
small 𝑤1 and then encoungers flat drop for large 𝑤1 since inputs land in one of the two
bins corresponding to the saturation regions. On the other hand, ReLU maps half inputs
to zero while other half have information that scales with the size of weights.
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Figure 4.3 Information compression with varying layers (2,3,4,and 5) with tanh nonlinearities.
We show the 50 and 100 moving average of the 4layer and 5layer, respectively, for better display.

4.5.2 Information with Deeper and Wider Architecture
Having identified the phase transition of MLPSmall corresponding to 𝐼(w; 𝑆), we
focus on its performance under more settings: deeper architecture and different batch size.
For the architecture setting, we start from MLPLarge (5 layers) and reduce one layer for
each experiment. Results are shown in Fig. 4.3. The first and the second figures show the
information trajectory of the reduced twolayer/threelayer version of MLPLarge (784
10010/7841008010) where a clear twophase transition happens during the training.
One difference between the two is that the threelayer MLP seems to fit faster than the
twolayer as there are less iterations executed for it to reach the peak.
Things become more complicated for the more layers cases. The information trajec
tory fluctuates more frequently hence causes multiple peaks during the SGD training. We
thus take the moving average of information to find out what is going on in this process.
To illustrate, the third figure demonstrates how the SGD manages to push the model to
compress the information. It reaches the peak in very few iterations then experiences
multiple tides before it finally becomes stable. The fivelayer model is in the similar
case. For all those models, we could conclude that they all experience a fitting and com
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Figure 4.4 Left: Train and test accuracy of model reaches with increasing number of hidden
units; Right: Complexity measure (information in weights and ℓ2 norm) with increasing unit
number.

pression transition during training though there might be several tides after the initial
fitting. We believe this subject deserves further examination in future work. Moreover,
unlike 𝐼(𝑇1 ; 𝑋) ≥ 𝐼(𝑇2 ; 𝑋) because of the Markov chain assumption, please remind that

𝐼(w1 ; 𝑆) ≱ 𝐼(w2 ; 𝑆) here since all weights receive information of 𝑆 through the back
propagation at the same time.
We also examine how our information measure explains the generalization w.r.t.
number of hidden units, a.k.a. the width of DNNs, by Fig. 4.4. We train a twolayer
MLP without any regularization on MNIST. The left panel shows the training and testing
error for this experiment. While 32 units are enough to (nearly) interpolate the training
set, more hidden units still encourage better generalization performance, which illustrates
the effect of overparameterization. In this scenario, ℓ2 norm keeps increasing w.r.t. more
units while our information measure decays behaving similar to the test error. We identify
that more hidden units do not render much expansion of information complexity.

4.5.3 Random Labels v.s. True Labels
According to PACBayes theorem, the information stored in weights is a promising
candidate to explain the generalization capacity of DNNs. Neural networks are often over
parameterized thus can perfectly fit even random labels, obviously without generalizing.
For example, MLPSmall has 3072 × 512 + 512 × 10 = 1, 577, 984 parameters that are
much larger than the sample number of CIFAR10 (50,000). However, the number of
parameters is a bad measure of DNN complexity in overparameterization settings [134] .

ℓ2 norm is also often used as a complexity measure to be imposed on regularizing model
training in practices while fails to explain generalization (See §4.5.2).
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Figure 4.5 Left: Information stored in weights with varying size of truelabel and randomlabel
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We build a randomlabel dataset for the purpose of testing if our information mea
sure is capable of discriminating the model learned on the truelabel dataset, as shown by
the left panel of Fig. 4.5. We train MLPSmall on CIFAR10. We find the information
complexity of model trained on true labels is much lower than the one trained on random
labels, which is rightly aligned with their generalization capacity. We also find that re
gardless of random or true labels, more data generally induces more concise weights on
the perspective of information complexity. In this situation, PACBayes bound does not
hold any longer due to the non identical distribution of train and test set, which deserves
further efforts to solve this challenge.
We further investiage the model trained with different levels of label corruption, as
shown by the right panel of Fig .4.5. The model also fits the corrupted data well. The fig
ure depicts the decreasing generalization capacity with the increasing information com
plexity when the noise ratio increases. These results indicate that our information measure
can explain the generalization decay w.r.t. noise degree in labels.

4.5.4 Information Compression w.r.t. Batch Size
On the other hand, we consider how batch size influences the critical point of that
transition and the degree of compression at last. Recent effort on bounding 𝐼(w; 𝑆) of
iterative algorithms (e.g., SGD and SGLD) [84,86] implies that the variance of gradients is
a central factor, i.e., the larger the variance, the less the upper bound of 𝐼(w; 𝑆). In fact,
batch size plays a key role in variance of gradients. For the ultimate case where batch size
equals full sample size, the variance of gradient is zero and the model is prone to over
fitting grounded on empirical observations. On the other hand, when batch size equals
one, the variance becomes tremendously large while the model usually tends to underfit.
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Figure 4.6 Information compression with varying batch size and activation functions. The y
axis on the left indicates the information values and the right indicates the model accuracy. We
track the average of minimum information at the end of training and the optimal train/test accuracy
the model can reach in the course of whole training process.

In our experiments, we track the average of minimum information with varying batch
sizes, results are shown in Fig. 4.6. For each nonlinearity, we plot the train and test
accuracy when batch size equals 64, 128, 256, 512, and 1024. All models can nearly
interpolate, i.e., reach near zero loss on the training set. While batch size is under 256 the
compression is sufficient, there is a sharp jump when it equals 512. The test accuracy is
generally negatively relevant to information stored in weights seen from all figures. And
smaller batch size can enhance information compression thus boosting interpolation on
training set and usually leads to better generalization.

4.5.5 Bayesian Inference with Varying Energy Functions
By far, many experiments have been done on To confirm the superiority of our
Bayesian inference algorithm for PACBayes IB in §4.4, we compare it with vanilla
SGD/SGLD and other two wellknown regularization functions: ℓ2 norm and dropout.
We train MLPSmall on MNIST and do grid search to find the optimal hyperpa
rameters: The batch size is picked within {32, 64, 128, 256, 512}; learning rate is in

{1𝑒−3 , 1𝑒−2 , 1𝑒−1 }; weight decay of ℓ2 norm is in {1𝑒−3 , 1𝑒−4 , 1𝑒−5 , 1𝑒−6 }; noise scale
of SGLD is in {1𝑒−4 , 1𝑒−6 , 1𝑒−8 }; 𝛽 of PACBayes IB is in {1𝑒−1 , 1𝑒−2 , 1𝑒−3 }; and the
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Figure 4.7 10 times repeated experiments of the test accuracy on SGD and SGLD with varying
regularization terms.

dropout rate is fixed as 0.5. We repeat the test of the optimal hyperparameter set for 10
times and draw the confidence region as illustrated by Fig. 4.7. For SGD, PIB converges
faster than other baselines and keeps the best performance untill convergence. For SGLD,
PIB does not demonstrate superiority on fitting speed while still reaches the best perfor
mance after convergence. This verifies that SGLD enables sampling from the optimal
posterior of PACBayes IB, as derived before in §4.4.

4.5.6 Summary of Experiments
We made the following observations in our experiments:
1. We can clearly identify the fittingcompression phase transition of DNNs during train
ing empirically through our solution of the information measure, i.e., information
stored in weights. Unlike the representationbased information measure, our measure
applies to varying nonlinearities including ReLU, sigmoid, tanh, and linear.
2. We further identify the phase transition applies to deeper and wider architecture while
the transition module becomes more complicated, i.e., multiple peaks would appear
during the process.
3. Unlike traditional model complexity measure, e.g., ℓ2 norm of weight matrices, that
expands significantly with the model scale, we identify that increasing model scale
does not render much expansion of information complexity. This is aligned with the
observation that overparameterized DNNs usually generalize better.
4. Our information measure can explain the generalization decay w.r.t. noisy labels. Be
sides, more data can contribute to compressing information in weights empirically re
gardless of the data quality. However, the information complexity of model trained on
true labels is much lower than the one trained on random labels.
5. Small batch size can augment information compression thus boosting interpolation on
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training set, which often induces good generalization but can also induce overfitting
in some cases.
6. Adopting SGLD based on the energy function derived from PACBayes IB enables
good inference to the optimal posterior of DNNs. Similarly, the information regular
ization also benefits SGD according to our experiments.

4.6 Chapter Summary
In this chapter, we rethought the fitting and compression phases on the aspect of
information bottleneck [14] through the lens of information stored in weights 𝐼(w; 𝑆) of
DNNs. Motivated by the caveats of representationbased information measure 𝐼(𝑇 ; 𝑋)
on explaining learning and generalization of DNNs, we: (1) proposed an new information
bottleneck with PACBayesian generalization guarantee, namely PACBayes information
bottleneck; (2) gave the solution of intractable oracle prior based information measure

𝐼(w; 𝑆); (3) designed a Bayesian inference algorithm grounded on SGLD for sampling
from the optimal posterior of PIB; and (4) demonstrated that our new information measure
covers wide ground of DNNs’ behaviour.
We focused the compression and fitting phenomenon of interest, which is illustrated
through the lens of information stored in weights by various DNN models. On the
contrary, the representation information 𝐼(𝑋; 𝑇 ) is influenced by inputs and activation
functions, thus only meaningful when the networks is stochastic [23] and saturated non
linearities are implemented [64] . As we gave a rather efficient algorithm for the purpose of
estimating information flow in DNNs, we are allowed to testify various architectures of
DNNs w.r.t. their width and depth. By numerical tests of DNNs under various settings,
we justified 𝐼(w; 𝑆) is an effective measure of information complexity and generaliza
tion capacity. Our solution of 𝐼(w; 𝑆) by bootstrap also opens the door to the algorithmic
design based on PACBayes IB by MCMC, which is theoretically guaranteed to achieve
sampling from the optimal posterior efficiently. Crediting to the efficient and easyto
implement SGLD, we can adapt any existing DNN to a PACBayes IB augmented DNN
seamlessly. We aim to further investigate its performance and develop this into practical
giant DNNs for production in the near future.
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CHAPTER 5 CONCLUSION AND FUTURE WORK
5.1 Conclusion of Current Achievements
This work centers around understanding and utilizing representation learning through
the lens of information. Our object of interest is to leverage the information bottleneck
principle for the purpose of better representation learning algorithms in application and
develop new bottleneck method that covers more aspects of neural network behaviour. In
summary, our contributions are threefold:
In §2, we took a systematic review of the literature of four topics: mutual informa
tion estimation & learning, Bayesian inference for deep learning, information bottleneck
guided variational autoencoders, and PACBayes learning theorey. We discussed how
information bottleneck for representation learning is located on the intersection of these
theories. We also introduced the main framework of Bayesian inference and PACBayes
which are the bedrocks for the following two chapters.
In §3, we concentrated on leveraging IB for collaborative filtering (CF) in rec
ommender systems. We proposed Counterfactual Variational Information Bottleneck
(CVIB) in order to debias CF with the emergence of counterfactual events. CVIB sepa
rates the taskaware sufficiency into factual/counterfactual terms thus learning balanced
representations under missingnotatrandom feedback to improve its generalization abil
ity significantly.
In §4, we delved deeper into IB theory and specifically highlight the pitfalls of rep
resentation based IB. We drew the idea from PACBayes learning theory and propose a
new weight based IB that is under the umbrella of PACBayes generalization guarantee,
namely PACBayes Information Bottleneck (PIB). Then, we derived an efficient algo
rithms for estimating information flow in DNNs and an SGLDbased Bayesian inference
algorithm so as to sample from the optimal Gibbs poterior of PACBayes IB. We iden
tified that this new information measure explains broader aspects of learning behaviour
of DNNs. Also, this information measure enhances the learned representation capacity
when engaged in our algorithm as a regularization.
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5.2 Future Works
Although we fixed a series of challenges in applying IB for learning and explaining
representation learning, there remain challenges deserving further exploration:
First, information bottleneck can be extended to various applications of deep learning
far beyond image classification and collaborative filtering. However, it requires sufficient
domain knowledge for adapting IB to a new application, which hinders IB from wider
acceptance in production. We are bound to contribute further in studying how to leverage
IB principle to other structured data, e.g., graph, and other applications, e.g., disentangled
learning.
Second, PACBayes IB was approximated by making Gaussian assumptions at the
expense of power in explaining representation learning. Due to the complex structure
of DNNs, Guassian assumption is usually too coarse and is like a comprise of allowing
tractable solution of KLdivergence. More power distribution assumption of weights,
e.g., mixture of Gaussian, is a better fit to the case. Likewise, we are noted that Wasser
stein distance based information complexity measure might serve as a promising tool to
circumvent limitations of Gaussian assumption and KLdivergence [8991] .
Third, PACBayes learning theory fails to explain when train/test data are non
identically distributed, which is demonstrated by our empirical observations of decreas
ing information complexity even with more random labels. We are bound to refer to the
literature of transfer learning and domain adaption on understanding lower bound of gen
eralization error across domains [135136] , therefore fix the current PACBayes IB.
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A.1 Proof of Proposition 3.1
Proposition A.1 (Minimal Representation Insensitive to Policy Bias):

With the

Markov chain assumption defined by Eq. (3.4), for any hidden embedding 𝑇𝑙 , we can
derive the upper bound of the 𝐼(𝑇𝑙 ; 𝑂)

𝐼(𝑇𝑙 ; 𝑂) ≤ 𝐼(𝑇𝑙 ; 𝑋) − 𝐼(𝑋; 𝑌 ) ≤ 𝐼(𝑇1 ; 𝑋) − 𝐼(𝑋; 𝑌 ) ≤ 𝐼(𝑇𝑙 ; 𝑋),

(A.1)

where the last term 𝐼(𝑋; 𝑌 ) is a constant with respect to the training process.
Proof: From the Data Processing Inequality (DPI) [11] , in this Markov chain, we can
obtain

𝐼(𝑇 ; 𝑋) ≥ 𝐼(𝑇 ; 𝑌 , 𝑂) = 𝐼(𝑇 ; 𝑂) + 𝐼(𝑇 ; 𝑌 |𝑂).

(A.2)

For the second term 𝐼(𝑇 ; 𝑌 |𝑂), suppose 𝑌 and 𝑂 are independent, we can further factorize
it and derive

𝐼(𝑇 ; 𝑌 |𝑂) = 𝐻(𝑌 |𝑂) − 𝐻(𝑌 |𝑌 , 𝑂)

(A.3)

= 𝐻(𝑌 ) − 𝐻(𝑌 |𝑇 , 𝑂)

(A.4)

≥ 𝐻(𝑌 ) − 𝐻(𝑌 |𝑇 )

(A.5)

= 𝐼(𝑇 ; 𝑌 ).

(A.6)

As we assume that 𝑇 is sufficient, we have 𝐼(𝑇 ; 𝑌 ) = 𝐼(𝑋; 𝑌 ). Plugging above result
back into Eq.(A.2) yields

𝐼(𝑇 ; 𝑋) ≥ 𝐼(𝑇 ; 𝑂) + 𝐼(𝑇 ; 𝑌 |𝑂)

(A.7)

≥ 𝐼(𝑇 ; 𝑂) + 𝐼(𝑇 ; 𝑌 )

(A.8)

= 𝐼(𝑇 ; 𝑂) + 𝐼(𝑋; 𝑌 ),

(A.9)

which indicates that 𝐼(𝑇 ; 𝑋) − 𝐼(𝑋; 𝑌 ) bounds 𝐼(𝑇 ; 𝑂). And for any hidden embeddings

𝑇𝑙 , according to DPI, we have
𝐼(𝑇𝑙 ; 𝑇1 ) ≤ 𝐼(𝑇1 ; 𝑋)

∀𝑙 ∈ {2, … , 𝐿},

(A.10)

∎

which yields the final result.
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B.1 Proof of Lemma 4.3
Before the proof of Lemma 4.3, we need to introduce a lemma by Martens [137] as:
Lemma B.1 (Approximation of Hessian matrix in DNNs [137] ): The Hessian matrix
of DNNs on a local minima 𝜽 ̂ can be decomposed based on Fisher information matrix as
𝑛

𝐶

1
̂ 𝑐 H[𝑓 ] ,
H𝜽 ̂ = F𝜽 ̂ +
[∇ ℓ (𝜽)]
𝑐
∑ ŷ 𝑖
𝑛∑
𝑖=1 𝑐=1

(B.1)

where 𝐶 is the total number of classes, ŷ is the output (or prediction) of the network
given input 𝑏𝑥, and H[𝑓 ]𝑐 is the Hessian of the 𝑐 th component of y.̂ Specifically, for a
welltrained DNN, we could have ∇ŷ ℓ𝑖 (𝜽)̂ ≃ 0 thus H ̂ ≃ F ̂.
𝜽

𝜽

Lemma B.2 (Approximation of Oracle Prior Covariance): Given the definition of
influence functions (Lemma 4.1) and Poisson bootstrapping (Lemma 4.2), the covariance
matrix of the oracle prior can be approximated by
𝐾

⊤
1
𝜮0 = 𝔼𝑝(𝑆) [(𝜽𝑆 − 𝜽0 )(𝜽𝑆 − 𝜽0 ) ] ≃
𝜽𝝃̂ 𝑘 − 𝜽)̂ (𝜽𝝃̂ 𝑘 − 𝜽)̂
(
∑
𝐾 𝑘=1
⊤

(B.2)

1
1
≃ H−1̂ F𝜽 ̂H−1̂ ≃ F−1̂ ,
𝜽
𝑛 𝜽
𝑛 𝜽
̂ for notation conciseness, and 𝝃 𝑘 is the
where we omit the subscript 𝑆 of 𝜽𝑆̂ and 𝜽𝑆,𝝃
bootstrap resampling weight in the 𝑘th experiment.
Proof: Recall that in the 𝑘th bootstrap resampling process, the loss function is
reweighted by 𝝃𝑘 = (𝜉𝑘,1 , 𝜉𝑘,2 , … , 𝜉𝑘,𝑛 )⊤ . Also, we have a influence matrix 𝜳 =

(𝝍1 , 𝝍2 , … , 𝝍𝑛 )⊤ ∈ ℝ𝑛×𝐷 . The original risk minimizer on the full dataset 𝑆 is
𝑛

𝜽𝑆̂ ≜ argmin
𝜽

1
ℓ𝑖 (𝜽),
𝑛∑
𝑖=1

(B.3)

and the reweighted empirical risk minimizer (after bootstrapping) is defined by
𝑛

̂ ≜ argmin 1
𝜽𝑆,𝝃
𝜉𝑖 ℓ𝑖 (𝜽),
𝑛∑
𝜽
𝑖=1

(B.4)

where we omit the subscript 𝑘 for the sake of conciseness.Given the definition of influence
function from Lemma 4.1, the difference between the two risk minizers above, 𝜽𝑆̂ and
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̂ , can be written as
𝜽𝑆,𝝃
̂ − 𝜽𝑆̂ ≃
𝜽𝑆,𝝃

1
1
(𝜉𝑖 − 1)𝝍𝑖 = 𝜳 ⊤ (𝝃 − 1).
𝑛∑
𝑛
𝑖=1

(B.5)

As a result, the oracle prior can be transformed as

̂ − 𝜽𝑆̂ )(𝜽𝑆,𝝃
̂ − 𝜽𝑆̂ )⊤ ]
𝜮0 ≃ 𝔼𝑝(𝑆) [(𝜽𝑆,𝝃

(B.6)

⊤
1
1
≃ 𝔼𝑝(𝑆) ( 𝜳 ⊤ (𝝃 − 1)) ( 𝜳 ⊤ (𝝃 − 1))
(B.7)
[ 𝑛
]
𝑛
1
= 2 𝔼𝑝(𝑆) [𝜳 ⊤ (𝝃 − 1)(𝝃 − 1)⊤ 𝜳 ] .
(B.8)
𝑛
Furthermore, based on the definition of influence function, we know 𝜳 ⊤ 1 = 1⊤ 𝜳 = 0.

The term in Eq. (B.8) can be further writen to

1
1
𝔼𝑝(𝑆) [𝜳 ⊤ (𝝃 − 1)(𝝃 − 1)⊤ 𝜳 ] = 2 𝜳 ⊤ 𝔼𝑝(𝑆) [𝝃𝝃 ⊤ ]𝜳 .
(B.9)
2
𝑛
𝑛
From Lemma 4.2 we know 𝔼[𝜉𝑖 ] = 1 and Var[𝜉𝑖 ] = 1 when 𝑛 ≥ 100. We also know that
𝜮0 ≃

𝔼𝑝(𝑆) [𝜉𝑖 𝜉𝑗 ] =

𝔼𝑝(𝑆) [𝜉𝑖 ]𝔼𝑝(𝑆) [𝜉𝑗 ] = 1,

𝑖 ≠ 𝑗,

{ 𝔼𝑝(𝑆) [𝜉𝑖2 ] = Var[𝜉𝑖 ] + 𝔼2 [𝜉𝑖 ] = 2, 𝑖 = 𝑗.

This gives rise to the final solution that

𝜳 ⊤ 𝔼𝑝(𝑆) [𝝃𝝃 ⊤ ]𝜳 = 𝜳 ⊤ (11⊤ + I𝑛 ) 𝜳

(B.10)

𝑛

=

∑

𝝍𝑖 𝝍𝑖⊤

∑

̂ ⊤ (𝜽)̂ H−1
H−1̂ ∇𝜽 ℓ𝑖 (𝜽)ℓ
𝑖
̂

(B.11)

𝑖=1
𝑛

=

𝑖=1

𝜽

𝜽

(B.12)

𝑛

=

𝑛H−1̂
𝜽

1
̂ 𝜽 ℓ⊤ (𝜽)̂ H−1
∇𝜽 ℓ𝑖 (𝜽)∇
𝑖
∑
[ 𝑛 𝑖=1
] 𝜽̂

(B.13)

= 𝑛H−1̂ F𝜽 ̂H−1̂

(B.14)

≃

(B.15)

𝜽
−1
𝑛F ̂ .
𝜽

𝜽

I𝑛 in Eq. (B.10) is an identity matrix with size 𝑛 × 𝑛; Eq. (B.11) is true by reapplying
the property of influence functions that 𝜳 ⊤ 1 = 1⊤ 𝜳 = 0; and Eq. (B.15) is achieved by
the result from Lemma B.1. Concluding all the above results, we know the oracle prior
covariance can be approximated by

𝜮0 ≃

1
1
𝑛F−1̂ ) = F−1̂ .
(
2
𝜽
𝑛 𝜽
𝑛

(B.16)

∎
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B.2 Proof of Lemma 4.4
Lemma B.3 (Optimal Posterior for PACBayes Information Bottleneck): Given an
observed dataset 𝑆 ∗ , the optimal posterior 𝑝(w|𝑆 ∗ ) of PACBayes IB in Eq. (4.5) should
satisfy the following form that

𝑝(w|𝑆 ∗ ) =

1
1
1
1
𝑝(w) exp − 𝐿̂ 𝑆 ∗ (w) =
exp − (𝑈𝑆 ∗ (w)) ,
{ 𝛽
} 𝑍(𝑆)
{ 𝛽
}
𝑍(𝑆)

(B.17)

where 𝑈𝑆 ∗ (w) is the energy function defined by

𝑈𝑆 ∗ (w) = 𝐿̂ 𝑆 ∗ (w) − 𝛽 log 𝑝(w),

(B.18)

and 𝑍(𝑆) is the normalizing constant.
Proof: Recap the PACBayes information bottleneck in Eq. (4.5) is
min ℒPIB = 𝐿𝑆 (w) + 𝛽𝐼(w; 𝑆).

𝑝(w|𝑆)

(B.19)

Given an observed dataset 𝑆 ∗ , our object of interest is to find the optimal posterior

𝑝(w|𝑆 ∗ ) that minimizes the ℒPIB . Consider a constraint of posterior distribution that
∫

𝑝(w|𝑆)𝑑 w = 1, ∀𝑆 ∼ 𝑝(𝑋, 𝑌 )⊗𝑛 ,

(B.20)

we can formulate the problem by
min ℒPIB = 𝐿𝑆 (w) + 𝛽𝐼(w; 𝑆),

𝑝(w|𝑆)

(B.21)
s.t.

∫

𝑝(w|𝑆)𝑑 w = 1.

A Lagragian can hence be built to relax the above optimization problem by
min ℒ̃PIB = 𝐿𝑆 (w) + 𝛽𝐼(w; 𝑆) +

𝑝(w|𝑆)

=
+

∫

𝑝(w|𝑆) [𝐿̂ 𝑆 (w)] 𝑑 w + 𝛽

∫

𝛼𝑆

∫

∫

∫

𝛼𝑆

∫

(𝑝(w|𝑆) − 1) 𝑑 w𝑑𝑆

𝑝(w, 𝑆) [log 𝑝(w|𝑆) − log 𝑝(w)] 𝑑 w𝑑𝑆

(B.22)

(𝑝(w|𝑆) − 1) 𝑑 w𝑑𝑆,

with � = {𝛼𝑆 |∀𝑆 ∼ 𝑝(𝑋, 𝑌 )⊗𝑛 } corresponding to Lagrange multipliers; we denote the
empirical risk by 𝐿̂ 𝑆 (w) = 1𝑛 ∑𝑛𝑖=1 ℓ𝑖 (w).
Differentiating ℒ̃PIB w.r.t. 𝑝(w|𝑆 ∗ ) results in

∇𝑝(w|𝑆 ∗ ) ℒ̃PIB = 𝐿̂ 𝑆 ∗ (w) + 𝛽 log 𝑝(w|𝑆 ∗ ) − 𝛽 log 𝑝(w) + 𝛽 + 𝛼𝑆 ∗ .
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(B.23)
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Setting ∇𝑝(w|𝑆 ∗ ) ℒ̃PIB = 0 and solving for 𝑝(w|𝑆 ∗ ) yields

𝛼 ∗
1
log 𝑝(w|𝑆 ∗ ) = − 𝐿̂ 𝑆 ∗ (w) + log 𝑝(w) − 1 − 𝑆
𝛽
𝛽
𝛼 ∗
1
𝑝(w|𝑆 ∗ ) = 𝑝(w) exp − 𝐿̂ 𝑆 ∗ (w) exp −1 − 𝑆
.
{ 𝛽
}
{
𝛽 }

(B.24)

𝛼 ∗

The second exponential term exp {−1 − 𝑆𝛽 } is the partition function that normalizes
the posterior distribution. We hence obtain the optimal posterior solution as

𝑝(w|𝑆 ∗ ) =

1
1
𝑝(w) exp − 𝐿̂ 𝑆 ∗ (w)
{
}
𝑍(𝑆)
𝛽

1
1
=
exp − [𝐿̂ 𝑆 ∗ (w) − 𝛽 log 𝑝(w)] .
{ 𝛽
}
𝑍(𝑆)

(B.25)

∎
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